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When an electric dipole moment rotates, the flow pattern of the emitted
energy exhibits a vortex structure in the near field. The field lines of
energy flow swirl around an axis which is perpendicular to the plane of
rotation of the dipole. This rotation leads to an apparent shift of the
dipole when viewed from the far field. The shift is of the order of the
spatial extend of the vortex, which is about a fraction of an optical
wavelength. We also show that when an image of the radiation is
formed on an observation plane in the far field, the rotation of the field
lines in the near field leads to a shift of the dipole image.

14.1. Introduction

When light is emitted by a localized source, it appears as if the light
travels along straight lines from the source to the observer, when viewed
from the far field (many wavelengths from the source). These light rays
are the flow lines of energy, and they are usually referred to as optical
rays. The rays are the orthogonal trajectories of the wave fronts. In the
geometrical optics limit of light propagation certain terms in Maxwell’s
equations can be neglected under the assumption that the wavelength of
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the light is small compared to other relevant distances. It can then be
shown [1] that in a homogeneous medium, like the vacuum, the rays are
straight lines, running from the source to the far field, and they coincide
with the field lines of energy flow. However, when the light is detected
within a fraction of a wavelength from the source, or with nanoscale
precision at a larger distance, the geometrical optics limit does not apply,
and we have to consider the exact solution of Maxwell’s equations at all
distances. The flow lines of energy will in general be curves. Far away
from the source, each curve will asymptotically approach a straight line,
but, when measured with nanoscale resolution, these asymptotic lines
will not coincide with the optical rays. The rays run radially out from the
source, but an asymptote of a field line of energy flow could be displaced
with respect to this direction.

When the dimension of a localized source of radiation is small
compared to the wavelength of the emitted light, then the source is in
first approximation an electric dipole, located at the center of the source,
and when viewed from outside the source, the radiation is identical to the
radiation emitted by a point dipole. Also, radiation emitted by atoms and
molecules is usually electric dipole radiation, and since atoms and
molecules are much smaller than the wavelength of the light they emit,
we can consider them as point sources. Since electric dipole radiation is
the most elementary type of radiation, we shall consider the nanoscale
structure of this type of radiation. We shall consider the spatial
distribution of the energy flow in the near field, and we shall show that
the curving of the field lines in the near field has an effect on the
observable intensity profile in the far field, provided that the
measurement is carried out with sub-wavelength resolution.

14.2. Electric Dipole Radiation

When the current density of a localized source oscillates harmonically
with angular frequency @, for instance when the source is placed in a
laser beam oscillating at the same frequency @, then the induced electric
dipole moment has the form

d(t) =d,Re(ge'?) | (14.1)
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with d, >0 and € a unit vector, normalized as g-g&*=1. The radiated
electric field will also have a harmonic time dependence, and can be
written as

E(r,1) = Re[E(r)e '?'] | (14.2)

with E(r) the complex amplitude. A similar expression holds for the
magnetic field B(r,7). When the dipole is located at the origin of
coordinates, the complex amplitudes of the electric and magnetic fields
are given by [2]

dokg{ fo f i( ij}eiq
Er)=—"><¢-(¢-D)r+[e-3(-O)r]—|1+— |}— , (14.3)
4re q )] 4

(o)

3 AN/
B(r)=—msxf(l+iJi : (14.4)
4re, q) q

where k, = @/c is the wave number in free space and F is a unit vector
which is directed from the location of the dipole to the field point,
represented by r. We have also introduced the dimensionless variable
q = kyr, which represents the distance between the field point and the
dipole. In this way, a distance of 27 in terms of g corresponds to a
distance of one optical wavelength in terms of r. The properties of the
electric dipole moment enter the expressions for E(r) and B(r) only
through the complex-valued unit vector € (apart from an overall d,, ).

14.3. Energy Flow and the Poynting Vector

In an electromagnetic field the energy flow is determined by the
Poynting vector, defined as

S(r.1) :LE(r,t)XB(r,t) , (14.5)

(6]

for propagation in vacuum. If dA is an infinitesimal surface element at
the position r, with unit normal n, then the power flowing through dA is
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equal to dP =S-ndA . Therefore, at position r the energy flows into the
direction of the Poynting vector S. For time-harmonic fields, as in Eq.
(14.2), the Poynting vector simplifies to

S(r) = —— Re [E(r) xB(r)*] . (14.6)
2u

0

and here terms that oscillate at twice the optical frequency @ have been
dropped, since these average to zero in an experiment, on a time scale of
an optical cycle. The Poynting vector in Eq. (14.6) only involves the
complex amplitudes, rather than the fields themselves, and S(r) is
independent of time .

With expressions (14.3) and (14.4) the Poynting vector for the
radiation emitted by a dipole can be evaluated immediately. We obtain

S(r)= 3P°2 {{(9, P)r — 2 [l +L2] Im([(r -8)8*]} , (14.7)
8xr q q

where @ and ¢ are the angles of the observation point r in a spherical
coordinate system. The function {'(6,9) is given by

{O,9)=1-(t-e)f &%) , (14.8)
and
4
PO :&d& , (14.9)
127¢,,

is the power emitted by the dipole. The unit vector r is in spherical
coordinates

f‘=(excos¢+ey sin@)sinf +e, cosé , (14.10)

and this determines the dependence of {(8,4) on @ and ¢, given the
dipole moment vector €.

When we take dA as part of a sphere, centered around the origin, and
with radius r, then dA = erQ, and the radiated power per unit solid
angle becomes
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dpP

2 ~
—=r"S(r)-r . 14.11
10 (r) ( )
With Eq. (14.7) this becomes
dpP 3P,
- = 6,9) , 14.12
19 81 £(0,9) ( )

since (F-g)e*+ is real. The emitted power per unit solid angle is
independent of r, and this may give the impression that the power flows
radially outward, as in the geometrical optics limit of light propagation.
We shall see below that this is usually not the case.

When vector ¢ in Eq. (14.1) is real, the dipole moment is
d(#) =d,ecos(wt). This corresponds to a linear dipole moment,
oscillating back and forth along an axis through vector €. For this case,
the Poynting vector becomes

3P, A
S(r) =2 L(0.9)F (14.13)
8xr

since (f-g)e* is real. Then S(r) is proportional to ¢ at any field point,
and hence the power flow is exactly in the radial direction. The field lines
of S(r), which are the field lines of energy flow, are straight lines,
running from the location of the dipole to infinity.

14.4. Elliptical Dipole Moment

In its most general state of oscillation, the dipole moment d(¢) traces out
an ellipse in a plane [3,4]. We take this plane to be the xy-plane, and we
parametrize vector € as

£=—;(ﬁex+iey) , (14.14)

T

with S real. The parametrization is chosen such that for g =+1, vector
¢ reduces to the standard spherical unit vectors
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ey =—L(iex+iey) : (14.15)

V2

with respect to the z-axis. With € from Eq. (14.14), the dipole moment
becomes

A =——o | Be, cos(@r)+e, sin(wn)] . (14.16)

\/,82+1

As time progresses, vector d(¢z) follows the contour of an ellipse, as
shown in Fig. 14.1. For £ =21 the ellipse reduces to a circle. When £ is
positive, the rotation is counterclockwise as in the figure, which is the
positive direction with the z-axis, as given by the right-hand rule. For
B <0 the rotation is in the opposite direction. For S =0, vector &
becomes —ie, , and the oscillation is linear along the y-axis. In the limit
B — teo we have € — Fe ., and the oscillation is linear along the x-axis.

For an elliptical dipole in the xy-plane, the function {(8,¢) from Eq.
(14.8) becomes

d(0) 4

d@)

Fig. 14.1. In its most general state of oscillation, the dipole moment d(7) rotates along an
ellipse. The parameter £ (positive in the figure) determines the lengths of the major and
minor axes, as shown in the figure, and the sign of £ determines the direction of rotation.
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2
£6,0) =1—%sin29 {1+%COS(2¢)] . (14.17)
+

This function is, apart from an overall constant, the emitted power per
unit solid angle into the direction (6,¢), according to Eq. (14.12). For
the Poynting vector, Eq. (14.7), we find

Sy =2 e, + 2141 | -L e sin6l . (14.18)
87zr? q g% ) B* +1

with
ey, = —e sing+e,cosg . (14.19)

The term proportional to T is responsible for the radial power outflow,
and the term with e, gives a rotation in the flow of energy around the z-
axis. Close to the dipole this term is of order yo , whereas the radial term
is of order r 2. Therefore, in the near field the rotation will dominate the
energy flow pattern, even though this rotation does not contribute to the
power outflow at any distance from the dipole. In the limit of a linear
dipole, f=0 or f§— oo, the term with e vanishes, and the Poynting
vector only has a radial component, corresponding to power flowing
radially outward from the dipole, without any swirling around the z-axis.

14.5. Field Lines of the Poynting Vector

In order to investigate in detail the energy flow out of a dipole, we
consider the field lines of the Poynting vector S(r) . Expression (14.18)
for S(r) determines a vector field in space, and a field line of S(r) is a
curve for which at any point along the curve the vector S(r) is on its
tangent line. When r is a point on the field line, then we can parametrize
such a field line as r(u), with u a dummy variable. A field line is
determined only by the direction of S(r), and not its magnitude, and
hence a field line is a solution of

Ez f@S() , (14.20)
du
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with f(r) any positive function of r. Equation (14.19) is an autonomous
differential equation, since the variable # does not appear on the right-
hand side. The variable u itself has no physical significance.

We now use spherical coordinates (g,8,¢) to represent a point r, so
that r =(q/k,)r, with r given by Eq. (14.10). For a point on a field
line, g, @ and ¢ then become functions of u, and when we write out Eq.
(14.20) we obtain

%zkof(r)f-S(r) , (14.21)
q%=kof(r)ee -S(r) , (14.22)
du

. .d¢
gsind—— = kof(r)e¢ -S(r) , (14.23)

du

with

eg:(excos¢+eysin¢)cosc9—ezsinc9 . (14.24)

For the function f(r) we take 8z’ /(3P k), and with Eq. (14.18) we
then find the set of equations

d
Y _ro,9) , (14.25)
du

de
E_O , (14.26)

dg 2 1 B

80 f 1+ 14.2

du q2(+q2J/j2+1’ (1429

for the coordinates g, & and ¢ as functions of u for points on a field
line.

From Eq. (14.26) it follows that @ is constant along a field line, and
let us indicate this constant by 8, . Any field line starts at the location of
the dipole, and we then see that it remains on a cone which has an angle
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6, with the z-axis. Then we can replace € by 6, on the right-hand side
of Eq. (14.25), and divide Eq. (14.27) by Eq. (14.25). This yields

dg 2 1 1 B
—=—1l4+—|— . (14.28)
dg q2 ( qu {(6,.9) ,52 +1

When we see ¢ as a function of g, rather than u, this is a nonlinear first-
order equation for the function ¢(g). The equation is separable, and is
most easily solved by considering ¢ as a function of ¢ . The result is [5]

q(9) = !

T T -l T (1429
[+ 5 AS)2 +JAP —[(1+3A%)2 =L AP

where A is a function of ¢, defined as

_3 _i ) ) o
A= 8( B ﬂjsm 6, [sin(2¢) —sin(24,, )]

3 gL gn2 _
2(ﬁ+ﬂj(l sin é’oj(gb d) - (14.30)

We see from Eq. (14.28) that for g large we have d¢/dg — 0, and
therefore ¢ approaches a constant ¢, at a large distance. This is angle
@, in the expression for A, and this ¢, serves as the integration constant.
Angle ¢ is now the free parameter, and it follows from the derivation in
Ref. [5] that, given ¢, , angle ¢ has to be taken in the range

—o<p<g, , >0, (14.31)
P <P<eo , [<0. (14.32)

Therefore, each field line is determined by a choice of 6, and ¢, , which
are the values of @ and ¢ at a large distance.

We indicate by x =k,x, y=k,y and Z =k,z the dimensionless
Cartesian coordinates of a field point. We then have along a field line
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x(@) =q(P)sinf, cos ¢ , (14.33)
(@) =q(@)sinb, sing , (14.34)
Z2(9) = q(@)cos b, , (14.35)

with ¢ the free variable, and g(¢) given by Eq. (14.29). Figure 14.2
shows several field lines for 8, =x/4 and 6, =37/4 and for different
values of ¢, . For the figure we took S =1, which corresponds to a
circular dipole moment, rotating counterclockwise in the xy-plane. The
field lines swirl around the z-axis with the same orientation as the
rotation of the dipole moment. The field line pattern has a vortex
structure, with the dipole at the center of the vortex. All field lines wind
around the z-axis, while remaining on a cone. The scale in the figure is
such that 27 corresponds to one optical wavelength, and we see that the
spatial extend of the vortex is well below a wavelength. Figure 14.3
shows field lines for =1, so for the same dipole as in Fig. 14.2, but
now for different values of .. Angle @, is the same for all field lines,
and is taken as 7z /2. Therefore, all field lines approach asymptotically a
straight line parallel to the positive y-axis.

Fig. 14.2. The figure shows several field lines of the Poynting vector for a circular dipole,
with a dipole moment that rotates counterclockwise in the xy-plane. Each field line lies on
a cone which makes an angle of 45° with the z-axis.
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4

Fig. 14.3. The figure shows field lines for the same dipole as in Fig. 14.2, but now for
different values of &, and with ¢, = 7z /2 for all field lines.

The result for the field lines depends parametrically on the value of
S . For S =1 the field lines show a vortex structure near the location of
the dipole, as illustrated in Figs. 14.2 and 14.3, and the dimension of this
vortex is a fraction of a wavelength. For f#— 0 and f — oo the ellipse
reduces to a line, and the oscillation of the dipole moment becomes
linear. As shown above, for a linear dipole the field lines are straight
lines emanating from the dipole. In order to see the transition from the
vortex pattern for a circular dipole to the straight-line pattern for a linear
dipole we have graphed field lines for three values of £ in Fig. 14.4. It
is seen from the figure that when [ decreases from unity to zero, the
size of the vortex diminishes, until it reaches a point for f=0. For
B =1, the field lines bend around the z-axis over an extend of about a
wavelength from the dipole. For smaller values of [, the field line
becomes straight already in the very neighborhood of the dipole.

14.6. Field Lines in the Far Field

At a distance of many wavelengths from the dipole, each field line
approaches a straight line, as can be seen from the figures above. This
line, however, does not appear to come exactly from the location of the
dipole, but it is slightly displaced with respect to the radial direction, as
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B =1

B=0.001

0.5

0.5

Fig. 14.4. Shown are field lines for dipoles with different values of f. For each,
6,=x/4and ¢, =7/2.
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Fig. 14.5. Due to the rotation of a field line near the source, it appears as if the source is
displaced when viewed from the far field.

illustrated in Fig. 14.5. For an observer, indicated by the eye in the
figure, the field line of energy flow seems to come from a point in the xy-
plane that does not coincide with the position of the source, and hence it
appears as if the source is displaced with respect to its actual position.
This apparent displacement, indicated by the displacement vector qq, is
a result of the rotation of the field lines near the source, and as such this
near field effect should be observable in the far field.

In order to compute this displacement, we consider g as the
independent variable along a field line, rather than ¢, even though in the
explicit solution (14.29) it is the other way around. For ¢ large, ¢
approaches the value ¢, , and the value of @ along a field line is 6, at
any point. Therefore, for g large we can expand ¢ in an asymptotic
series as @(q) =@, +c;/q+cy /qz..., with the coefficients ¢, c;, ... to
be determined. In expression (17) for {(8,9) we set 8 =6, and for ¢
we substitute the asymptotic expansion. This gives {(8,,9) ={(8,,9,)
+ . (1/q). We use this to expand the right-hand side of Eq. (14.28),
which yields
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dg_ 1 1 25, [LJ (14.36)

dg q2 £(6y.9,) ,52+1 q3

The right-hand side of Eq. (14.36) is an asymptotic series in ¢, and term-
by-term integration gives

o(q) =9, —%Y(60,¢0;,B)+... , (14.37)

where we have set

1 23
Y(6,.9,;5) = , (14.38)
¢ IB 4(00’¢0) ﬁ2+1

which is a constant along a field line.

Equations (14.33)—(14.35) give the Cartesian coordinates of a point
on a field line. We now view ¢ as the independent variable, and we
expand cos ¢ and sin¢g in Eqgs. (14.33) and (14.34) with the help of Eq.
(14.37). We then obtain

cos@(g) = cosd, +l Y(6,,0,;B)sing, +... , (14.39)
q

sin@(q) =sing, 1 Y(6,,0,;B)cos@, +... . (14.40)
q

For a point on a field line, g is the dimensionless distance between this
point and the origin of coordinates. When the terms represented by
ellipses in Eq. (14.37) are omitted, parameter g loses this significance.
Therefore, we shall write ¢ instead of g. Equations (14.33)—(14.35) then
become

X =sinf,[tcos@, +Y(6,,0,;L)sing,] , (14.41)

y =sing,[tsing, —Y(6,,0,;B)cosd,] , (14.42)
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Z=tcosf, . (14.43)

For a given observation direction (6,9, ), these Cartesian coordinates
are linear functions of ¢, and hence Eqs. (14.41)-(14.43) are the
parameter equations of a straight line. This is line ¢ in Fig. 14.5, which
is the asymptote of the field line in the direction (6,,4,). Vector £, in
Fig. 14.5 is the unit vector in the (6,,4,) direction, which follows from
Eq. (14.10) by replacing (8,¢) by (6,.4,). When we introduce the
vector

qq =Y(6,.9,;P)sinb, (e, sing, —e,cosq,) , (14.44)
then Egs. (14.41)—(14.43) can be written in vector form as
q=qq +11, , (14.45)

where q = k,r is a point on the line /. According to Eq. (14.43), t =0
gives z =0, so this corresponds to the intersection point of ¢ and the xy-
plane. The position vector of this point is q4, as follows from Eq.
(14.45), and therefore vector qq is the displacement vector of the source
as shown in Fig. 14.5. It represents the apparent position of the source in
the xy-plane, when viewed from the far field. From Eqgs. (14.10) and
(14.44) we see that q4 -T, =0, so qq is perpendicular to F, .

14.7. The Displacement
The magnitude of the displacement vector qq is given by

_ 2181 sing,
ﬂ2+1;(90v¢0) ’

q4 (14.46)

with {(8,,4,) given by Eq. (14.17). This source displacement depends
on the observation angles 6, and @,, and on the parameter S of the
ellipse. For observation along the z-axis we have sinf, =0 and the
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displacement is zero. As a function of 6, the displacement is maximum
for 6, =7 /2, so for observation along the xy-plane. In the xy-plane and
for a given £, the displacement depends on the location in the xy-plane,
e.g., on the angle ¢,. We find that the displacement is maximum for
cos(2¢,) =1 when | #1>1, and for cos(2¢,) =—1 when | f1<1. From
Fig. 14.1 we then see that this corresponds to an observation along the
major axis of the ellipse in both cases. In this direction, the displacement
is given by

2181, 1B81>1

qa=12 : (14.47)
g v BI<l

for a given [ . For a circular dipole we have | #1=1, and the maximum
displacement is gq =2. For f— 0 or  — « the eccentricity of the
ellipse increases and the dipole becomes more linear. We then have
qq > 2 and the displacement can grow without bounds when the dipole
approaches a linear dipole.

14.8. Intensity in the Image Plane

The observation direction (6,,4,) can be represented by a unit vector
I, , as in Fig. 14.5. We now consider an observation plane, shown in Fig.
14.6, which is a plane perpendicular to f,, and a distance r, away from
the dipole. The origin of coordinates in this plane is represented by the
vector r,. We then define A4 and u axes in this plane, such that the axes
run into the direction of the the spherical unit vectors ey, and e, as
shown in the figure. Therefore, 4 and u are the Cartesian coordinates of
a point in this plane, and the position vector r of a point in this plane can
be written as

r=r,+Aeq +ue, . (14.48)
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A

">

Fig. 14.6. The figure shows the coordinate system for the image plane and several field
lines of the Poynting vector. Point r in the plane, represented by X, has Cartesian
coordinates (A4, ) .

The dimensionless displacement vector (14.44) is a vector in this plane,
and can be expressed as

qa =—€4_Y(0,.0,: B)sin6, . (14.49)

The corresponding vector rq =qq /k, is shown in the figure. Therefore,
the displacement vector is along the u-axis. The asymptote ¢ of the
field line for this direction (6,,4,) goes through the point ry, and when
the distance r, is sufficiently large, the field line through this point is
perpendicular to the observation plane.

When an image is formed on the observation plane, or image plane,
it may be expected that the major contribution comes from the field lines
in the neighborhood of r4, since these cross the plane almost
perpendicularly. In that case, the image in this plane would be
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-2 4

Fig. 14.7. Field lines of the Poynting vector in the xy-plane for a dipole moment which
rotates in the xy-plane are shown. They swirl around the origin numerous times, and are
then incident upon the image plane. The intensity distribution on the image plane shows a
maximum in the neighborhood of the central field line for this direction, which goes
through the point x =2 on the image plane.

shifted over rq with respect to the origin, and this shift would then be the
same as the virtual displacement of the dipole in the xy-plane. However,
since a bundle of field lines passing through this plane determines the
image, rather than the single field line from Fig. 14.5, the image of the
dipole is not necessarily exactly located at the position ry. Figure 14.7
shows a bundle of field lines and the corresponding intensity distribution
over a plane (defined below), and we observe that indeed the maximum
of the image does not coincide with the displacement of the
corresponding field line for this case (q4 = 2e, ). It should also be noted
that the shift in the xy-plane is defined through the extrapolation of the
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asymptote ¢ of the field line in the observation direction, as in Fig. 14.5,
and, from an experimental point of view, this may not be a directly
observable shift.

In order to investigate this issue in detail, we now consider the
intensity distribution over the image plane. Since F, is the unit normal
vector at all points in the image plane, the intensity (power per unit area)
at point r is

I(ry: A, 1) =S(r)-E, . (14.50)

This intensity depends on 7., the distance between the source and the
image plane, the observation direction (6,,4,), and the coordinates A
and u of point r in the plane. In addition, it depends parametrically on
the parameter £ of the ellipse.

We introduce dimensionless coordinates A = koA and @ =k,u in
the observation plane, and the dimensionless distance between the origin
of the plane and the dipole is g, = k7, . For point r in the plane we then
have g = k,r, and the relation to its Cartesian (A, H) is

g=+lqt+2* +a* . (14.51)

Putting everything together yields [6]

Y[ 11
Iy ) =1 (—Oj -
? \q q2 1+,[)’2

x| 2 (B eosg, - singy)*+ (Bsing, + Ticosg,)?

__ b 1+L2 iﬁ Hsin, (14.52)
q ﬂ +1

for the intensity distribution in an observation plane for the case of an
elliptical dipole moment, rotating in the xy-plane. In Eq. (14.52) we use
the abbreviation
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P =q,sinf, +Acosb, , (14.53)
and the overall factor I, is given by

1, =t (14.54)

87 r02

The first two lines in Eq. (14.52) come from the angular dependence
of the emitted power, which is accounted for by the function {(6,¢) in
Eq. (14.12) for dP/dQ . The appearance in Eq. (14.52) of this angular
dependence is not through the function {(6,9), since here we consider
the power flow through a plane, whereas dP/dQ refers to the power
flow through a sphere. The third line in Eq. (14.52) originates in the
possible rotation of the field lines near the source. This is most easily
seen from the fact that this term changes sign with the sign of . The
overall factor of 1/(q,q) indicates that this term vanishes rapidly in the
far field, as compared to the remaining terms in braces. We shall see
below, however, that a finite and observable effect of this term survives
in the far field.

14.9. Linear Dipole

Let us first consider =0, corresponding to a linear dipole, oscillating
along the y-axis. The intensity distribution (52) on an image plane then
becomes

3
1(r0;,1,ﬂ)=10(Q_0J {1—%(ﬁsin¢o+ﬁcos¢o)2 . (14.55)
q q

For a linear dipole, all field lines are straight, and any dependence of the
intensity on r,, A and x comes from the angular dependence of
dP/dQ and from the fact that we cut through dP/dQ with a plane. As
an illustration, let us consider an observation plane perpendicular to the
y-axis at the positive side. We then have 6, =7x/2, so p=¢,, and
¢, =7/2. We introduce angle y as the observation direction for a point
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in the image plane, as seen from the site of the dipole (see Fig. 14.6). We
then have cos ¥ = g, / ¢, and the intensity becomes

I(ry; A, p)=1, cos 3ysin?y . (14.56)

Since the right-hand side of Eq. (14.56) only depends on angle ¥, the
intensity distribution in the image plane is circularly symmetric around
the origin. At the origin of the image plane we have ¥ =0 and therefore
I =0, which corresponds to the well-known fact that no radiation is
emitted along the dipole axis for a linear dipole. The intensity has a
maximum for cos ¥ = J3/5 , corresponding to an angle of ¥ =39°, and
this defines a ring in the observation plane. The radius of this ring is
qom . The intensity profile is shown in Fig. 14.8.

14.10. Rotating Dipole and the Far Field

The intensity distribution in Fig. 14.8 scales with the distance g,
between the dipole and the observation plane, which is a reflection of the
fact that the field lines of the Poynting vector are straight for a linear
dipole. When the image plane moves further away, the picture remains
the same, apart from a scale factor. We now consider the effect of the
rotation of the field lines near the source for a rotating dipole moment on
the intensity profile in the far field. We first look at a circular dipole for
which £ =21. The intensity on the image plane, given by Eq. (14.52),
simplifies for f =%1 to

3
1 _» _
1(ry; A, 1) :IO(q_oj [1__2(102 +;u2)
q 2q

B

- 1+L2 Hsing, | . (14.57)
9049 q

There is no dependence on the observation angle ¢,, as could be
expected for a circular dipole moment in the xy-plane.
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Il

Fig. 14.8. The figure shows the intensity distribution on an image plane for a linear
dipole. The plane is perpendicular to the dipole axis.

We are looking for effects in the far field that are due to the rotation
of the field lines near the source. The displacement from Sec. 14.7 was
maximum for observation in the xy-plane, e.g. 6, =7x/2, so here we
consider the same situation in order to find the maximum effect. From
Eq. (14.53) we then have p =g¢,, and from Eq. (14.57) we see that the
dependence on the coordinate A in the image plane only enters through
the A4 dependence of ¢ in Eq. (14.51). Therefore, the intensity only
depends on A as A2, and consequently there is an extremum at 4 =0.
With 6, =7/2 and 1=0, Eq. (14.57) becomes

3
=[] 2fi ) ass

which is the intensity along the  axis in the image plane. To find the
extrema, we set d1/df = 0. This yields
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-§ﬁ=——ﬁ;l+q§—3ﬁ21+—%- . (14.59)
2 909 q
In the far field we have g, >>1, and Eq. (14.59) becomes
3_ _
Sp=-b 2wy (14.60)
2 409

We are looking for a possible shift in the intensity profile due to the
rotation of the field lines. Such a shift has to remain finite for g, — oo,
as can be seen from Fig. 14.7, so at such an extremum we must have
ilqy, —0 for g, large. If we indicate by 1, the solution of Eq.
(14.60), we find for the location of the peak in the intensity profile

2
By=-3B. (14.61)

The magnitude of this shift is 2/3 in dimensionless coordinates, and since
27z corresponds to one wavelength, the shift is equal to a wavelength
divided by 37 . Apparently, this is a nanoscale shift for optical radiation,
but it is a shift that persists in the far field. Figure 14.9 shows the
intensity distribution for this case.

For Fig. 14.9 we took g, =4 (and I, =1), which is 2/7 times a
wavelength. This is just enough to justify the far-field approximation
g, >>1. For larger values of ¢, the background becomes very large
since it scales with ¢g,, and it may not be possible experimentally to
resolve the shift of the peak. In an experiment, the dipole is set in
oscillation with a laser beam. A circular dipole moment in the xy-plane is
induced by a circularly polarized laser beam, propagating along the z-
axis, and the sign of S is determined by the helicity of the laser. In Eq.
(14.57), the first line is the broad background and the second line is due
to the rotation of the field lines. The background does not depend on the
sign of £, so if we would measure the intensity for left- and right-
handed helicity then the difference of the profiles would be twice the
second line of Eq. (14.57), and any resulting difference profile would be
due entirely to the rotation of the field lines. This experiment was
performed recently [7] and such an asymmetric profile was found indeed.
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Fig. 14.9. The figure illustrates the nanoscale shift of the intensity profile for a circular
dipole. The image plane is the same as in Fig. 14.8.

For an elliptical dipole, similar calculations show [6] that the profile
is more complicated. It can have maxima, minima and saddle points. In
particular, the maximum shown in Fig. 14.9 can become a minimum, and
the effect of the rotation of the field lines can be a moving hole rather
than a moving peak.

14.11. Intensity in the Near Field

With very precise near field techniques, involving fiber tip probes,
intensities can be measured in the near field with nanoscopic precision
[8,9]. In this approach the existence of the vortex could be verified
experimentally by measuring the intensity directly at the location of the
vortex, rather than through the observation of the displacement of the
maximum of the intensity profile in the far field. Figure 14.10 shows the
intensity distribution on an image plane very close to a circular dipole,
for the case where the image plane is perpendicular to the y-axis. Near
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Fig. 14.10. The figure shows an intensity profile in the near field of a circular dipole.

the positive peak, the field lines pass through the image plane in the
outward direction. The negative peak indicates that in this region of the
observation plane the field lines are inward. This image is a direct
consequence of the spiraling of the field lines near the source. A field
line first passes through the image plane in the outward direction, and
then spirals back inwards near the peak with negative intensity. Although
it may not be possible to measure a negative intensity directly in an
experiment, the figure nevertheless illustrates the winding of the field
lines in an appealing manner.

14.12. Conclusions

When an electric dipole moment rotates in the xy-plane, the field lines of
energy flow swirl numerous times around the z-axis, while remaining on
the surface of a cone. Far away from the dipole, the field lines approach
asymptotically a straight line, reminiscent of an optical ray. This line is
displaced with respect to the radial direction, and this leads to an
apparent shift of the dipole location, when viewed from far away. This
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displacement depends on the observation direction and on the
eccentricity of the ellipse. In order to define an image of the dipole, we
have considered the intensity distribution of the emitted radiation over an
image plane. For a circular dipole, the image is a single peak when
viewed in the plane of rotation of the dipole. It was shown that in the far
field the peak of this intensity profile is shifted with respect to the central
direction, and that this shift is due to the rotation of the field lines near
the source. In this fashion, the near field curving of the field lines affects
the image in the far field, and this makes the vortex near the dipole
observable at a macroscopic distance. The shift is of the order of a
fraction of a wavelength, as is the dimension of the vortex.
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