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Abstract
This paper summarizes the combinatorics function technique leading to the solution of a

multidimensional linear recurrence relation subject to a set of initial conditions.
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1. Multidimensional linear recurrence relations
A multidimensional linear recurrence relation (or partial difference equation) may
be written in the form [1]:

N
B(M)=) fa (M)B(M-A,) ; MeR . (1)
k=1

The quantity B(I\7I) depends on the set of n variables {x1, X2, ..., Xy} with which
one associates a point, M, in an n-dimensional Euclidean space having for
coordinates the same set of numbers. The position vector of that point is denoted
M, and the recurrence relation is valid for all points belonging to region R. One
also refers to B(I\7I) as the quantity B evaluated at point M. Equation (1) isan (N
+ 1)-term linear recurrence relation, expressing that B(I\7I) is linearly related to N
other values of B evaluated at points with position vectors {M - A, ; k=1,..., N}.
Coefficients fAk(M) are labeled by the corresponding shifts Ak and may also
depend on the evaluation point M. When these coefficients are independent of
the evaluation point, the linear recurrence relation has constant coefficients.
While Eqg. (1) states that the recurrence is valid for points M in region R, in
general the values of B in that region are not uniquely determined unless its
values at some other points are specified. Assume that the values of B are known
at “boundary” points, J,, corresponding to position vectors J, , according to:

BU)=x, ; £=1,2,.. . (2)

The boundary points form a boundary region Ry = {j,g; ¢ =1,2 ..}yand
the,’s are called initial values. Consider the set of points R; which can be
reached following any number of displacements made of the elements of set A =
{Ak; k=1, ..., N}, and leaving any given boundary point, without encountering
any of the other boundary points. A solution to Eq. (1) satisfying the boundary
conditions (2) exists and is unique, if and only if R < Rj. If there is a boundary
point which cannot be linked to any of the points in R without encountering
another boundary point, then the solution does not depend on the initial value
associated with this boundary point. If region Ry, does not contain such boundary
points, it is then called a minimal boundary. For all practical purposes, we will
assume that R = Rj and that Ry is a minimal boundary. Thus the solution of Eq.
(1) satisfying the initial value conditions (2) is a linear combination of all the
initial values listed in Eq. (2). We shall write this as [1]:



B(M) =Y %, C(,M) . 3)
l

The quantity C(J,,M) is called the combinatorics function. Its construction is
based on all possible paths leaving the boundary point J, and reaching the
evaluation point M by successive displacements belonging to set A, while
avoiding all other boundary points. The construction of a combinatorics function
is presented in the following paragraph.

A given path leaving J, and reaching M is identified by two labels, » and
g. The former label is the number of displacements in this path, and the latter is
used to distinguish the various discrete paths having the same number of
displacements ». Consider a given path (wg) with displacements &, 87, ..., &,
.., 3, made in this order, leaving J, and reaching M. Let S; be the point on
this path reached after the i displacement, S?. The position vector of that point
is:

[
Si=3,+D8] ; i=0L.,0 ; So=J, ; S,=M . (4a)
j=0

In this equation we have introduced for convenience the nil displacement,

59-0 ; vq . (4b)

On the (wg)-path, point S; is reached following displacements 37, 83, ..., 8.

With this point one associates the quantity fsq (Si), and with the (wq)-path one
associates the product !

®
QoM =[]fa G (5a)
i=0
where the coefficient associated with the nil displacement is unity:
fq($)=fo(S)=1 , vS . (5b)
0

The combinatorics function is then given by:



C(if,M)ZFﬂ(ﬁg,mZ{Hfsg (é)} . (6)
,q ®,gq Li=0

By adding to the right-hand side of Eq. (1) a term, I(I\7I ), which may depend
on the evaluation point, the recurrence relation becomes inhomogeneous,

N
B(M)=I(M)+ > fa (M)B(M-Ay) ; MeR (7)
k=1

The solution of Eq. (7) satisfying the boundary conditions of Eq. (2) is given by
[2]:
B(M):ZM C(d, M)+ ZI(E)C(E,M) . (8)
‘

LeR

The combinatorics function C(I: ,I\7I) is constructed based on all possible paths
(made of displacements belonging to set A) connecting point L and the evaluation
point M and avoiding the boundary points. Equivalently, one may also view the
solution of the inhomogeneous equation as the sum of two terms: the solution of
the homogeneous equation and the particular solution of the inhomogeneous
equation corresponding to all the initial values A; = 0.

2. One-dimensional two-term recurrence relations

A. General method

With appropriate scaling, a two-term recurrence on a function u(x) subject to the
initial value condition,

uXg) =A , (9a)
may be written as:

u(x) =p(x) u(x-1) + q(x) , (9b)

where p(x) and g(x) are known functions. The solution of Eq. (9) is well known
[3] and may be obtained by the method of “variation of parameters,” which relies
on the knowledge of the solution uq(x) of the homogeneous equation, and then
searching for v(x) such that u(x) = v(x) u(x). A special solution may also be
obtained as an ascending continued fraction for x > Xy [3]. The combinatorics



function technique may also be used to recover the same result [4]. For
definiteness, let us assume that x > x,. Set A contains only one element which is
the displacement by one unit in the direction of the positive x-axis. The function
associated with this displacement is f1(x) = p(x), and the inhomogeneous term is
I(X) = q(x). Region R for which the solution is obtained uniquely in terms of A is
the one containing the points with coordinate x such that x — X, is a positive
integer, say n. There exists only one path connecting any two points of
coordinates y and x for which x —y = m is a positive integer. Thus the one-
dimensional combinatorics function associated with this path is

m
Cly. ) =] [pty+d . Cly.y=1, (10)
=1

and the solution of Eq. (9) follows:

U(X) =AC(Xg, %) + D d(Xo + ) CXo + ;%) . (11)
=1

The ascending continued fraction solution is also obtained as a special case of the

combinatorics function technigque, when replacing Eq. (9b) by:

_u(x+1) N q(x+1)

u(x)
p(x+1) p(x+1)

P X>Xg - (12)

Set A has only one element corresponding to the unit displacement in the
direction of the negative x-axis, and the function associated with this
displacement is f _1(x) = 1/p(x + 1). The inhomogeneous term is 1(x) = q(x +
1)/p(x + 1). A minimal boundary region associated with region R must contain
one point whose coordinate y satisfying the inequality y > x > Xy with the
constraint that x — y = n is a positive integer. The combinatorics function is
denoted in this case as C*(y, X) to distinguish it from the one above, and it is
given by:

m
c*(y,x)=1_‘[p(xl+ S Cw=L (13)
=1



The general solution of Eq. (12) with the boundary point being at an arbitrary
location (y > x > Xg) then follows:

(x+k+1)

otk D) C'(x+k,x) . (14)

U(x) = u(Y)C™ (¥, %) + Zq

The ascending continued fraction solution given by Milne-Thomson [3,5] is a
special case of Eq. (14) where the boundary point is at infinity and u(«) = 0. Then
Eqg. (14) is equivalent to:

q(x+4) +-

p(x+4)
p(x +3)
p(x +2)
p(x+1)

g(x+3) +
q(x+2) +

g(x+1) +

u(x) = (15)

B. Bernouilli and Euler polynomials
Let By(x) and En(x) be the Bernouilli and Euler polynomials, respectively. They
are defined through the following generating functions [6]:

Xt 0 tn
:ZBn(x)— C|tl<2n (16)
_ n!
n=0
ZE (x) D tl<m . (17)
el +1 n=0

They also satisfy the two-term recurrence relations:
Bri1(X+1) =Bpg () + (n+1)x" (18)
E (X)=-E (x)+2x" . (19)

We choose the boundary point arbitrarily at X, such that

Xo =X—-[x] , (20)



where [x] indicates the integer part of x, which in turn shows that x, is in the
range 0 < Xo < 1. The initial values for recurrence relations (18) and (19) are
Bn+1(Xo) and Ep(Xp), respectively. In the Bernouilli case, we have p(x + 1) =1
andg(x+1)=(n+1) xn, and Eq. (11) implies [4]:

[x]
Z(k"'xo) n+1(X) Bn+1(xo) ' (21)

n+1

In the Euler case, p(x + 1) =—1,q(x+ 1) =2 x" and Eq. (11) implies [4]:

[x]
k=1

These results hold for [x] > 1 with n a positive integer. If x is an integer, say m,
then xo = 0, x = [X] = m, and Egs. (21) and (22) reproduce the known results [6]
for the sum and alternate sum of m consecutive integers which are raised to the n"
power.

3. Three-term one-dimensional recurrence relations
A. Legendre polynomials
The Legendre polynomials Py (z) satisfy the three-term recurrence relation [6]:

2m-1,p 1(z)—mTlpm ,(Z) , m=>1, (23a)

Pm(z) =
with the initial values:
Po(z)=1 , P_1(2)=0 . (23b)

A slight generalization of this problem is obtained by adding an inhomogeneous
term I(m; z) to the right-hand side of Eq. (23a) keeping the same initial values [5]:

2m = 1zBm_1(z)—mT_18m_2(z)+I(m;z) S m=1 . (24)

Bm(2) =

Set A contains two displacement vectors in the direction of the positive m-axis
and of magnitude 1 and 2, respectively. The functions associated with these
displacements are:



2m—1Z  fy(m) = m-1

fi(m) = (25)
In terms of the combinatorics functions associated with this problem, the solution
is given as:
m
Bm(z) =C(0.m) + > 1(j;2)C(jm) . (26)

=1

The combinatorics function C(0,m) is the Legendre polynomial Py(z). To
complete the construction of the general solution, one has to compute C(j,m) for
m>j >1. The resultis [5]:

[(m—-j)/2] _
Clmy= D (pP2" g, (272)
p=0

where [q] refers again to the integer part of g, and p depends on j, m and p
according to:

m_j IT(M+3) Zp: (DK mo 2k +j-1)!

p=2 — -
mIT(j+3) =5 2Pki(p— k)1 (M =2p+2K)!  (j-1)!

T(m+5-p+KT(K+j-73)
T(m+3)r2k+j-1)

X

(27b)

One may check that, for j = 0, there is only one non-zero term in the k-
summation, the one for which k = 0. This, in turn, allows one to extend the
validity of Eq. (27) to j = 0, and recover the expression of the Legendre
polynomial as C(j,m), evaluated at j = 0.

B. Fibonacci-like recurrence relation
Consider the Fibonacci-like recurrence relation [7],

Bm:aBm_l+me_p y p22 y (288.)

subject to the initial values:



Bg_pZKg , €:1,2,...,p-1 , Bo=7\,0 . (28b)

The Fibonacci numbers are the solutions of Egs. (28) whena=b=1,p=2, A1 =
0 and Ao = 1. The standard method of solving Egs. (28) would be to search for
particular solutions of the form:

Bn=R |, (29)
which in turn requires R to be a root of the characteristic equation
RP_arR"t_b=0 . (30)

Let Rk be one of the p roots with index k varying from 1 to p. Then the solution
of Eq. (28a) is a linear combination of these p special solutions,

p
Bm = Y LkRY (31)
k=1

with the Lg’s satisfying the initial value conditions (28b). The combinatorics
function technique provides a simpler way of obtaining the analytical solution for
any p > 2. Here set A is made of two displacement vectors along the positive m-
axis of magnitudes 1 and p, with the associated functions f;(m) = a and fy(m) = b.
Consider all paths reaching the evaluation point of coordinate m > 1, and leaving
any of the boundary points of coordinate —j (j =0, 1, ..., p — 1) while avoiding all
other boundary points. Thus, the first displacement &1 for all of these paths is
restricted to be equal to p for as long as j # 0, and the combinatorics function C(—
J, m) follows as [7]:
i

Cl-jm)=") am-i-kp k-0 (:‘ 1= k(p_l)j , (32)
k=0

where the quantity in brackets represents a binomial coefficient. The solution to
Eq. (28a) satisfying the initial value conditions (28b) is:

p
Bm =Y AjC(-jm) . (33)
j=0



10

In this manner, we avoided calculating the roots of the characteristic equation and
the p coefficients Ly in terms of the p initial values 2. On the other hand, the
equivalence between the two methods yields a sum rule valid form >0, p> 2 and
for any values of a and b, namely [7],

[Zp]‘amkp bk (m —k(p —1)] _ Zp: REHl | (34)

1—
k=0 k L a+bpRi"

4. The Schrodinger equation with a power-type potential

Consider a particle of mass m in a central potential

V(r) = K N (35)

where N is a positive integer. The radial part R(r) of the wave function describing
the stationary state of the particle with energy E is written as

R() = U , (36)

with U(r) the well-behaved solution of the radial Schrédinger equation:

2
d“U, —[£(£+1)+pN—tJUg=O . (37)

dp? 02

Here, ¢ is the orbital quantum number, and t and p are dimensionless energy and
radial variable parameters:

N 1

N+2 2 N+2

t:(iy” KN2ZE ; p= 2mK Nz (38)
2m 4

The behavior of U, for large values of p is the same for all values of /. This
behavior is that of the solution of Eq. (37) with /=0, namely,

2
d“U,
dp2

~(EN-1)Uy=0 . (39)



11

For the linear potential (N = 1), the well-behaved solution of Eq. (39) is the Airy
function [6], Ai(p —t). Since R(r) must be a well-behaved function in the limit as
r approaches zero, one should also require that Ai(p —t) = 0 as p approaches zero;
thus:

Ai(-t)=0 . (40)

The roots of this equation provide the s-state (¢ = 0) energy eigenvalues for the
linear potential problem (N = 1). Here we intend to develop an energy eigenvalue
equation valid for positive integer values of N which reduces to Eq. (40) when
settingN=1and 7/ =0.

By factoring out the non-singular behavior of U, near the origin, we search
for a series solution of the form:

e}
Up=p"™> bpmp™ . (41)
m=0

Substituting this series into Eq. (37) yields the three-term recurrence relation:

mm+2¢ +1)bp=—tbm_2+bn_Nn_2, M>0 , (42a)
subject to the initial value conditions:

b_m=0 for m>0 , bg=0 . (42b)
We intend to express by, in terms of higher order terms with the boundary at
points on the m-axis with coordinates {m+ M +j;j =0, 1, ..., N + 1}, with M

being at this point an unspecified positive integer. This is why we use an
equivalent form of Eq. (42a),

bp=(M+N+2)(IM+N+2/+3)byins2 +tOman - (43)

Set A for this recurrence relation consists of displacements in the direction of the
negative m-axis with magnitudes N + 2 and N, and their associated functions are:

Fon+2)Mm)=M+N+2)(m+N+27+3) , f_ny(m)=t . (44)
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With C(m + M + j, m) designating the combinatorics function, the solution of Eq.
(43) in terms of the coefficients by + M +j (=0, 1, ..., N) is:
N+1
bm =) bnims+j CM+M+jm) . (45)
0

+

—
I

This expression holds for any value of m > 0. Furthermore, Eq. (42a) with the
boundary value conditions (42b) implies

2(f+1) blz—tb_l+b_N_1=0 . (46)
Combining Eqgs. (45) and (46) yields

N+1
by = Zb1+M+jC(1+M+j,1) . (47)
j=0

Next, we consider a double series expansion of Ugy(p) of the form [9]

n=0

uo(p):Zp”{Z(t)‘A(n,i)}—Zp”bn(ho,t) , (48)
n=0 i=0

which exists for N # 2, and its expansion coefficients A(n, i) satisfy the
recurrence relation:

nn-1)An,i+1)-Anh-2,)-An-N-2,i+1)=0 , (49a)
with the initial value conditions:
A(-n,i)=0 forn>0 , A(0,0)=0 . (49Db)

Since the asymptotic behavior of U,(p) is the same as that of Uy(p) for all values
of 7, in the limit as n becomes infinite, coefficient by( 7, t) should be proportional
to bp(¢ =0, t):

by (4, 1) oc bn(E:O,t):i(—t)iA(n,i) . (50)

i=0

Using Eqg. (50) in taking the limit of Eq. (47) as M approaches infinity yields:
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by oc Hyn () =
© ] N+1
:Z(—t)' Nllim ZA(1+M+j,i)C(1+M+j,1) =0 . (51)
i=0 % =0

This infinite order polynomial in t is the generalization of the one obtained in Ref.
10 for the linear potential (N = 1) and holds for all positive values of N except N
= 2. Excluding the harmonic potential (N = 2), the roots of H,y(t) are the
energy eigenvalues of the positive power potential problem. With an appropriate
choice of A(0, 0), H/n(t) reduces to Ai(—t) for N =1and ¢ =0. Unfortunately,
we have been unable to find a closed form expression for the expansion
coefficients for arbitrary N and /. In the linear potential case (N = 1), we were
able to compute in closed form the first few lower order terms for ¢/ = 1.

5. Summary

Multidimensional linear recurrence relations can be formally solved in terms of
the combinatorics functions. A combinatorics function depends on a boundary
point and an evaluation point. Boundary points are determined by the initial
value conditions and the evaluation points are those at which one would like to
determine the value of the unknown in terms of the initial values. The
construction of a given combinatorics function is based on all possible paths
connecting a boundary point to an evaluation point. These paths are made of
discrete displacements. The magnitudes and directions of these displacements are
readily identified from the recurrence relation.  The number of such
displacements is one less than the number of terms in the recurrence relation, and
a one-to-one correspondence is established between these displacements and the
coefficients appearing in the recurrence relation. A path connecting a boundary
point to an evaluation point is then made of a given sequence of displacements.
With such a path one associates the product of the corresponding coefficients
evaluated at the successive intermediate points encountered along the path. The
construction of the combinatorics function for a given set of boundary and
evaluation points follows as the sum of such products, corresponding to all
possible paths leaving the boundary point and reaching the evaluation point, while
avoiding all other boundary points. For a few cases we have shown how known
results using other methods are recovered using the combinatorics function
technique, while providing some natural generalizations. Not presented in this
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article is the use of the combinatorics function technique to include the solution of
linearly coupled recurrence relations [11]. Such relations involve a set of
multidimensional functions Bi(M). The value of a given function B;j at the
evaluation point M is linearly related not only to its values at other evaluation
points but also to the values of the remaining functions evaluated at shifted
arguments. A general method for decoupling these equations has been presented
in Ref. 11. In the case of linearly coupled relations with constant coefficients
[12], the decoupling is much simpler to achieve than in the general case.
Applications of this decoupling has been extremely useful in the study of Ising
models [13, 14]. This technique was also instrumental in developing a
computational method for the exact study of low temperature adsorption patterns
on crystal surfaces of finite width and infinite length [15]. We found that the
crystallization patterns on semi-infinite surfaces without periodic boundaries have
characteristics which fit exact analytic expressions as a function of the width of
the surface.

References

[1] A.J.Pharesand R. J. Meier, Jr., J. Math. Phys. 22, 1021 (1981).

[2] A.J.Phares, J. Math. Phys. 22, 1030 (1981).

[3] L. M. Milne-Thomson, The Calculus of Finite Differences (St. Martin’s,
New York, 1951).

[4] A.J.Phares, J. Math. Phys. 18, 1838 (1977).

[5] L. M. Thomson, Proc. Edinburgh Math. Soc. 2, 3 (1933).

[6] See, for example, Handbook of Mathematical Functions, edited by
Abramowitz and I. A. Stegun (Dover, New York, 1972).

[7] A.J.Phares, Fibonacci Quart. 22, 29 (1984).

[8] B.J. Harrington and A. Yildiz, Phys. Rev. Lett. 34, 168 (1975).

[9] A.J. Phares, Villanova preprint # VU-TH3-02.

[10] A.J. Phares, J. Math. Phys. 19, 2239 (1978).

[11] A.J. Phares, Proc. of the Fifth IMACS International Symposium, Advances
in Computer Methods for Partial Differential Equations, Vol. V, 531 (1984).

[12] A.J. Phares, J. Math. Phys. 25, 2169 (1984).

[13] A.J.Phares, J. Math. Phys. 25, 1756 (1984).

[14] See, for example, J. L. Hock and R. B. McQuistan, J. Chem. Phys. 83, 3626
(1985); D. Walikainen and R. B. McQuistan, J. Math. Phys. 26, 815 (1985);



347

[15]

15

R. B. McQuistan and J. L. Hock, J. Math. Phys. 27, 599 (1986); A. J. Phares
and F. J. Wunderlich, J. Math. Phys. 27, 1099 (1986); Phys. Lett. A 121,

(1987); 1l Nuovo Cim. B 101, 653 (1988); Phys. Lett. A 130, 385 (1988).

A. J. Phares, F. J. Wunderlich, J. D. Curley and D. W. Grumbine, Jr., J. Phys.
A 26, 6847 (1993); A. J. Phares and F. J. Wunderlich, Phys. Rev. E 52, 2236
(1995); Phys. Letters A 226, 336 (1997); A. J. Phares, F. J. Wunderlich, J. P.
Martin, P. M. Burns and G. K. Duda, Phys. Rev. E 56, 2447 (1997); A. J.
Phares and F. J. Wunderlich, Surf. Sci. 425, 112 (1999).



