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Abstract. Resonance fluorescence by an atom near the surface of a phase conjugator is
studied. The atom is irradiated by a finite-linewidth laser beam, and the bandwidth is
modelled by a randomly fluctuating phase. Expressions for the steady-state atomic density
operator and the resonance fluorescence spectrurn are obtained. For a small laser linewidth
the spectrum contains two delta peaks: the usual peak at the laser frequency and its
phase-conjugate image. In the limit of separated lines the spectrum consists of the Mollow
triplet and its phase-conjugate replica. In the image triplet the positions of the fluorescence
line and the three-photon line are reversed, as compared with the original triplet. Also,
the intensity of the image spectrum is distributed differently over the three lines.

1. Introduction

Monochromatic laser irradiation of a two-state atom vields a svmmetric resonance
fluorescence spectrum around the laser frequency (Carmichael and Walls 1976, Kimble
and Mandel 1976), as was observed experimentally (Wu et af 1975). In the limit of
either strong irradiance or large detuning the spectrum splits into three separate lines,
which gives the famous Mollow triplet (Mollow 1969). When the finite laser linewidth
is taken into account the spectrum becomes asymmetric, such that the intensity tends
to centre around the atomic resonance, rather than around the laser frequency (Avan
and Cohen-Tannoudji 1977, Kimble and Mandel 1977, Zoller and Ehlotsky 1977,
Knight et al 1978, Zoller 1978, George 1980, George and Dixit 1981). When the atom
is surrounded by a neutral gas, then collisions have a similar effect (Burnett e al 1932,
Nienhuis 1982). Another influence on the spectral distribution of resonance fluores-
cence is the presence of a reflecting surface (Lin et al 1983, Huang et al 1984, Huang
and George 1984, Li and Gong 1987). Near a metal or dielectric the spontaneous decay
rate changes, which affects the fluorescence spectrum parametrically through a change
in the Einstein coeflicient for spontaneous emission.

We consider an atom which is located near the surface of a four-wave mixing phase
conjugator (pc). The presence of this pc alters atomic lifetimes (Agarwal 1982, Bochove
1987, Hendriks and Nienhuis 1989a), and affects the photon statistics of atomic
resonance fluorescence (Hendriks and Nienhuis 1989b). With w the laser frequency,
w, the atomic resonance, @ the pump frequency of the non-linear crystal and o the
frequency of a fluorescent photon, the fluorescence spectrum can be expected to depend

on the frequency mismatches

A=w -, S=w_ —w A=w—w.. (1.1)
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For any linear surface (metal, dielectric, etc) the detuning 8 does not appear as a
parameter. It can therefore be anticipated that the structure of the spectrum for an
atom near a pC is essentially different than for an atom near an ordinary dielectric, at
least for 6 # 0.

2. Equation of motion

Assume that a laser beam with frequency @, and {complex-valued) amplitude E,
propagates along the surface of the non-linear crystal. At the position of the atom, the
electric field is then

E(1).=Re Eje (/" *D (2.1)

where ¢(f) is a stochasticaily fluctuating phase which gives rise to a finite laser
linewidth. We shall take &(¢) to be the independent-increment process (van Kampen
1981), for which the laser profile is a Lorentzian. This model generalizes the more
familar phase-diffusion process (Arnoldus and Nienhuis 1983). In the dipole and
rotating-wave approximation the interaction between the atom and the field is

H, () =—-31hQ exp[—i(w t + $(1))}jd + HC (2.2)

where d =|e)(g| is the atomic raising operator from the ground state |g) to the excited
state |e). The (complex-valued} parameter {} is the Rabi frequency, defined by

1
=7 (¢lEo-nlg) (2.3)
in terms of the atomic dipole operator u. With #iw, and #w, the energies of the excited
state and ground state, respectively, the atomic Hamiltonian H, can be written as
H,= fw P, + ho, P, (2.4)

in terms of the projectors P, =|e){e| and P, =|g){(g|. Spontaneous decay is taken into
account with a Liouville relaxation operator I'. For an atom near a pc this operator
attains the form

[T =1A,{P.I+TIP, - 2d"Tld}+}A{ P,TI+TIP, - 24T1d"} (2.5)

which defines its action on an arbitrary Hilbert space operator II. The relaxation
constants A, and A, are the rate constants for transitions from the excited and ground

ctate racnectivaly th A the Fingtein coefficient for spontaneous decav in emnty
SLal, 1TSpLlLIYLLy, VYl /3wl b Mvtintavias SpPUIaneOns Golay I LRy

space and P the phase-conjugate amplitude reflectivity for a plane wave, A, and A, are
A.=A(1+3|P[) A, =3A|PP. (2.6)

Then the equation of motion for the atomic density operator p(t} becomes
., dp .
i =(H,+ H(0), p]=iATp. 2.7)

The time dependence of the Hamiitonian can be simplified considerably with a
stochastic transformation of the density operator. With the Liouvillian L, defined as

LII=(P, ] (2.8)
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for arbitrary I1, the transformed density operator o(t) is given by
o () =expl ~i(w,t + (1) L]p(0). (29)

From (2.7) we then readily derive the equation of motion for o(f):
d .
id—(:= (Ly+ (1) Ly—iD)o. (2.10)

Here, L, is the dressed-atom Liouvillian which is given by
LIl=ALO-}[Qd+Q*d", 1] 2.11)

for arbitrary II and in terms of the detuning A = w —w, + w, = w —w,.

3. Stochastic average and steady state

The density operator o(¢) is a stochastic process, due to the appearance of ¢(¢) in
(2.10). A stochastic average over many realizations of ¢(¢) will be indicated by { ...},
in order to distinguish from the notation (. ..) which is reserved for quantum averages.
As shown in appendix 1, the average density operator {o(t)} obeys the equation of
motion

d
dt

i

{o}=(La—iW,—il){o}. (3.1)

The Liouville operator W, is found to be
W=\, L; (3.2)

where X, is a parameter of the independent-increment process, which equals the laser
linewidth,

Of particular interest is the steady-state solution & ={o(#—20)} of {3.1). For t >0
the left-hand side of (3.1) goes to zero, and the equation can be solved immediately
for &. The population of the excited state is found to be

1 2 2 2
_ = EIQ‘ n+Ag(A +7 )
= = £ 33

n, (e|0‘|e) lﬂ}zn+2A(A2+ T’Z) ( )
where we introduced the abbreviations

A=i(A.+A,) n=A+A. (3.4)
The population of the ground state is, of course, A, =1 — fi,.. For the coherence we obtain

1NA(in—A4)
— - 2
= = = . 3.
0-98 <e|a-|g) |Q|2n +2A(A2+ n2) ( 5)

It is interesting to notice that the population of |e) and the coherence are related by

; Q
%= 3 i (A, —3). (3.6)

If the intensity reflectivity | P|* is much larger than unity and if A|P]>> A,, then 7, -1,
&., >0, irrespective of the values of {} and A.
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4, Field correlation function

The atom emits fluorescence radiation, which can be detected by a photon counter in
the far field. The positive-frequency part of this field is given by (Arnoldus and George
1991)

E(0)" =d"(1) —exp(—2iat) P*d (1) (4.1)

where an overall factor and retardation have been suppressed. The time dependence
of d{t) and d'(¢) signifies the Heisenberg picture, and the factor exp(~2i@i) arises
due to the fact that the reflected waves at the surface are generated in a four-wave
mixing process. The spectral distribution of the fluorescent photons is determined by
the two-time field correlation function

C(ty, t2) = {(E (1) " E(r) ™) {4.2)
which involves both a quantum and a stochastic average. When (4, £;) wou
depend on t, and ¢, through r = ¢, — t,, then the correlation function would be stationary
and the fluorescence spectrum would be time independent. Due to the factor exp(—2iat)
in (4.1), this is not necessarily the case, even in the steady state. We now evalute
Cit, ;) for t;» 0, t;—> 0, but with 7=, —r, kept constant and positive.

Substitution of (4.1} into (4.2) yields
C(ty, ) = {(d(1,)d" ()} +| PP exp[~2ia (1, ~ 1))(d (1) d (1)}

— P* exp(-2ian){(d(1)d(6))} - P exp(iat {(d'(1)d (1) (4.3)
Then we transform the expectation values to the Schrodinger picture, and with (2.9)
we go to the ¢ representation. This leads to

+| P expli{w, —2@)(1,—1,)] Tr d{Dx(1,, 1,)}
— P*exp(iw,t,) expli(w, —2@)t;] Tr d{Ds(t,, t,)}

— Pexp(—iw 1) expli(20 — w ) 1,1 Tr d{D,(1,, 1,)} (4.4)
where we have introduced the stochastic operators

Dy(1,, t) =exp[-i{ (12} — (1)) Y (12, ) (1,)d] (4.5)

Di(ty, 1) =expli(¢ (1) — ¢ (6N Y (13, 1)[a(2)d") (4.6)

Dy(t1, ty) = expli(¢ (1) + (1)) Y (12, t)[o(1,)d] {4.7)

Dyfty, ) =exp[~i((t2) + 6 (1)1 Y (13, 1)) o{(1,)d"]. (4.8)

Here, Y(1, t') is the evolution operator for o:
a(t)=Y(t, )a(t). (4.9)
With (4.9) and the equation of motion (2.10) for o, we find from (4.5)-(4.8)

' . S . PN
i'd_tDl,‘t(tls LY=(Lat+ ${t )L+ 1)—11) D401, 1) (4.10)
2
d : ,
i— Dy3(1, ) =(Lat d(){L,— 1} -l D25(1,, 1), (4.11)
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Even though D, and D, obey the same differential equation, the solutions are different
because D, and D, have different initial values (t,=1, in (4.5)-(4.8)). Similarly, D,
and D, are different. Equations (4.10) and (4.11) are stochastic differential equations
of the type discussed in appendix 1. The solutions for the averages are

{Di(t), )} =exp[—i(Ly~i W, — iryr)o(1)d} (4.12)
{Dy(t,, L)} =exp[—i(La—iW_, —il'}rH{or(£,)d"} {4.13)
{Dsfty, t2Y} =exp[—i(Ly—i W_, —iT) 7){exp(2ig(1,)) o (1, }d} (4.14}

{Dy(1,, 1)} =exp[—i(Ly—iW,,—il) 7]{exp(‘2i¢(t1))0'(tl)df} (4.15)

for 7=1t,—t, positive. The Liouville operators W,, and W_, are given by (Al.5).
The steady-state correlation function follows from (4.12)-(4.15) by taking ¢, »
while keeping 7 fixed. It is shown in appendix 2 that

lim {exp(£2ig(1,))o (1)} =0. (4.16)
Therefore, { D;y(1,, 1;}} and {D,(#,, #;)} vanish in the steady state, whereas in (4.12) and
(4.13) we can simply replace {o(1,)} by & We find for the correlation function
C(ty, ) =Trd" exp[—i(w + Ly—iW,,~i[)(1,— 1,)](Gd)

+|P|* Tr d exp[—i(2@ — e+ Ly—iW_,—i){t,~ t;,)[{&d ). (4.17)

It appears that C(r,, t,) only depends on ¢, and ¢, through 1, — t,, and the correlation
function is therefore stationary. -

5. Intensity

The spectrally unresolved fluorescence intensity is given by
I={E@®)TE®™) (5.1)
which becomes with (4.17)
I=n,+|P|a,. (5.2)
With (3.3) we then find
_AQPn(1+|P) + A (A + ") (3+|P)

I = 33
[0F 7+ 247+ 7) (33)

For a very strong laser field we reach the saturation limit
I=3(1+|P[) |2 e (5.4)

which is a factor of 1-+|P|* larger than for an atom in empty space. For a strongly
reflecting surface we have

I-3|Pf° |P|*>c0 (5.5)

and there is no saturation limit. The intensity increases indefinitely with |PJ>.
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6. Fluorescence spectrum

Since the two-time correlation function C(#,, f;) is stationary, the spectral distribution
of the fluorescence is given by the Wiener-Khintchin relation

1 @ .
I{w)=—Re '[ dre™™ C(0, 7). (6.1)
- 0
This spectrum is normalized as
J dwI(w)=1 (6.2)
Combination of (4.17) and (6.1) gives
H{w) ! ReTrd* L (&d)
w)=—
T iLg+ W +T-i(w—w.) 7
1 1
+—|P*ReTrd 7d* .
'n'| " ReTr iLgt W4T —i{w —w, +28) (@d7) 63)

where we have set 8§ = w — &. Working out this formal result yields explicitly

0F | .. (A +A-iA)(A+ A, +iA—iA)
Heo)=—"(G-#,)R
()= G R AN (7 +i8) D (i)
110312 Y . i Sa
+lﬁeReZIQl +(2A+ ), IA).(A+/\2+1A iA)
T D+l(_1A)
2 —A=28~iAXA+A,—iA-2i8 —j
+|_£1|,P,2(ﬁ2_%) Re(/\1 215 1A)(A' A, —iA .215‘ iA)
2ar (A, =218 =AY —iA}YD_,(—2i6 —iA)

Re HQP+(2A+ A, —2i8 ~iA)(A+ A, —iA-2i8 —iA)
D_,(—2i6 ~iA)

+Z|PP(1-5)
{6.4)

in terms of A = w —w; and the population of the excited state A, from (3.3). We have
introduced the abbreviations

Do (s)=|QP(A+3A+ )+ QA+ A+ sHA—iA+5)(A+ A, +iA+5) (6.5)
D_(s)=|QP(A+3A,+ )+ QA+ A, +5)(A+iA+ s)(A+ A, —iA+5) (6.6)
and used (3.6), i, =1—1,,and A, — A, = A

7. Small laser linewidth

In order to elucidate the structure of the fluorescence spectrum we consider the limit
where the laser bandwidth tends to zero. The halfwidth at half maximum of the
Lorentzian laser lineshape equals A, . The limit A, - 0 then also implies A, - 0, according
to (A1.7). In the first term on the right-hand side of (6.4} we get a factor (—iA) T,
which should be interpreted as

1

:E=P(-1i{)+w8(A) {7.1)
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where P stands for principal value. Similarly, the third term gives a § function at
25+ A =0. When we work out this limit we obtain

Hw)=|0.*{86(w—w.) +|P*8(w + w, —2&)}+smooth background. (7.2)

Apparently, the resonance fluorescence spectrum contains two delta function peaks,
located at @ =w; and & =2& —w, . The line separation is 2|& — w, |, and the intensity
of the line at 2 — w, is | P|* times the intensity of the line at @, .

8. Dressed states

The Liouvillian Lg, as defined in {2.11}, can alternatively be written as
L =h""TH, TI] (8.1)

in terms of the dressed-atom Hamiltonian

Hy=—3h{A(P.— P,)+Qd +Q*d"}. (8.2)
Eigenvalues of H, are found to be

Hyx)=F3hQ|+) (8.3)
with

Q' = sgn(A)AZ+|QP)2 (8.4)

When we introduce the phase ¢ and angle & by

Q=|0|e" ¥ real é=tan"'(|Q|/A) (8.5)
then the dressed states |+) and }—) can be parametrized as

[+)=|g) e'¥ sin 30 +|e) cos 30

. . (8.6)
|-y=|g) cos 30 —|e) e'¥ sin 38.

The operator L, has four eigenvectors in Liouville space and the eigenvalue equations
read

Ly|£)(=| =0 Ly #)(F| = FQ1£)(F|. (8.7)

9. Spectrum of separated lines

When the value of | Q'] is much larger than any of the relaxation constants A,, A,, A,
and A,, then the coupling between eigenvectors of Ly with different eigenvalues can
be neglected in time evolution and time regression. This occurs for either high irradiance
Al Ty o m Voo dodecaicme A Dw ne atam i armntry cmana thic lande ta 0 crnantram
{[AL] large) Or 1argé aciiling A. ror dii arUlin il SHIPLy spratt, WIS valis W a spvuiiubil
of three separate lines, which is the Mollow triplet (Mollow 1969). The fluorescence
(F) line appears at w = w_ —(1', and for a weak driving field this is approximately the
atomic resonance w,. The Rayleigh (R) line is positioned at w = w;, and the three-

photon (T) line appears at w = w, + Q.
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In the limit of separated lines, the steady-state density operator & is most con-
veniently expressed with respect to dressed states. The solution of (3.1), with the
left-hand side replaced by zero, is found to be

& =)+ +|-)a(-| 9.1)

where the populations of the dressed states are given by

L v _ u
n+=u+v n"=u+v 92)
in terms of
u=Ag>+A.gi+2A,g2 v=Agl+Ag2+2A,85. (9.3)
The three optical parameters are defined as
0'FA |Q]
E=="0q g":z—gl' (9.4)

It then follows that
u—v=AA/Q'>0 (9.5}

which shows that the population of |—) is always larger than the population of |+),
The resonance fluorescence spectrum I{w), as given by (6.3), can now be evaluated
for the limit of separated lines. First we introduce the parameters

w=(4r\,—)&2)g3 (9.6)
ye=A(1+2g5)+2A,g5+ hag’ (9.7)
yr=A(1+2g)+2A,g5+ 2,87 (9.8)
where yr and yr are related by
yr—Ye=A0/Q'=0. (9.9)
Then the spectrum is found to be
1 1 1 ! 1 1
I{w)=Iy,Re— ———+ I, Re — — 4+ Re— —————
(w)=1Ix eqrf\l—lA R e'n')t,+u+v—2w—~1A F eﬂ'yp-i(A+ﬂ’)
1 1 1 1
+ g Re = ———mm—— t [ Re— —————
T Y —i(A-Q) Tt A —i(A+20)
1 1
+ 1 'iR - Y
R Xt u+v—2w—i(A+25)
1 1 1 1
+ Iz Re— + I Re— 9.10
F c'rr ye—i(A+25-£)) T f'“1!1'yT—i(A-l-26+ﬂ') (5.10)

which is a sum of eight Lorentzians. The factors I, defined below, are the strengths
of the lines.

The first line is the coherent part of the ordinary Rayleigh line, This line is located
at @ = wy, has a width (half-width at haif-maximum} equal to the laser linewidth, and
a strength

(u—v)®

(u+oXu+v-2w) (9.11)

IRc=g§
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The second line is the incoherent part of the Rayleigh line, which is also positioned
at w=w,, has a width A,+u#+v—-2w and a strength

o u(r=w)to(u—w)

Iy = . 9.12
R ® (u+o)Xu+o—2w) (9-12)
The total strength of the R line is
)5
Inc+ Ijj=————— 9.13
BT 19

which is independent of any of the relaxation mechanisms and independent of the
presence of the pc. The third and the fourth lines are the F and T lines, respectively.
Their widths are yr and y¢, and their strengths are given by

Il:=g2_ﬁ+ IT=g.2'.ﬁ_. (9.14)

It follows from (9.9} that the width of the T line is always larger than the width of the
F line. With (9.14) it can be shown that

=1 {9.15)

so that the F line is stronger than the T line. The equal sign holds when |P[>=0, A, =0.
Then we also have yz=yr, and the R, F, and T lines form a Mollow triplet which is
symmetric around w, . The triplet is always symmetric for A = 0. Although the strengths
and the widths of the lines in the Mollow triplet are affected by the pc, through the
dependence on {P|*, the structure of the triplet is essentially the same as for an atom
in empty space.

Part of the emitted radiation in the Mollow triplet propagates towards the surface
of the pc, where it is reflected as phase-conjugated radiation. A photon with frequency
w is reflected as a photon with frequency o' =2& ~ @ due to the four-wave mixing
which is responsible for the reflection. The R, F and T lines are positioned at o,
wy— ' and w + ), respectively. The phase-conjugate image of this triplet can therefore
be expected to be again a triplet, but with lines R, F' and T" at 2é —w, , 20 —w_+ )
and 2@ —w; ~ Y, respectively. This appears to be indeed the case, and this reflected
triplet is given by the last four Lorentzians in (9.10). Due to the phase conjugation,
the reflected sidebands F' and T’ lie on different sides of the central R’ line, as compared
with the positions of F and T with respect to R. For o, =@ (8=0), the R, F and T’
lines are at the same positions as the R, T and F lines, respectively. Furthermore, for
the coherent and incoherent parts of the R’ line we find

Ino=|PIr. Ini =PIy (9.16)
as is anticipated. For the F' and T lines, however, we have

Ip=|Pl’gln_ Ir=|PPgin. (9.17)
which is not simply |P|* times Iy and Iy, respectively. In analogy to (9.15) we obtain

Ie=I1 {9.18)

showing that also the F' line is stronger than the T’ line. For A=0 we have Ip. = I;..

It is interesting to compare the total strength of the Mollow triplet with the total
strength of the reflected triplet, in the case of unit reflectivity (|P|*=1). We find for
the difference

A
(It I+ Ip) — (Ip+ Iy + I~r)=-u——(g+—g_)2 (9.19)

+ v
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which is non-negative and equal to the population difference Ag — .. Therefore, the
reflected triplet is stronger than the incident triplet, even though | P}*=1. The strengths
are equal only if A=0.

Another special case of interest is § = A=0, which implies w; = wy=@. Then the
spectrum becomes

1 2 1 1
Iw=-—1+P2Re{ —+ + }
()= g P R o A T AT @) T yes (A=) (9:20)
which is symmetric around ;. The sum of the intensities of the two sidebands is
equal to the intensity of the central line at A =0.

10. Conclusions

We have studied the resonance fluorescence spectrum of a two-state atom near the
surface of a pc. Stochastic fluctuations in the laser phase have accounted for the finite
laser linewidth. This phase has been taken to be the independent-increment process,
which has the phase-diffusion process as its Gaussian limit. Equations (3.3) and (3.5)
give the stochastically averaged population of the excited state and the atomic coher-
ence, respectively. The fieid correlation function C(t,, #,) has in general four terms,
but in the steady state two contributions vanish identically. This is due to the finite
laser bandwidth, as shown in (4.16). In addition, C(t,, t;), and thereby the fluorescence
spectrum, turn out to be stationary in the long-time limit. Without taking into account
laser fluctuations this would not be the case,

The fluorescent intensity and its spectral distribution have then been evaluated. It
appears ihat in the limit of a small laser linewidih the specirum contains delia functions
at w, and 2@ — w, , superimposed on a continuous background. This could be expected,
since a wave at frequency w is reflected as a wave at frequency 2@ — w by a four-wave
mixing pc (Hellwarth 1977). In the limit of separated lines the spectrum consists of
six distinct lines. Three of these form the usual Mollow triplet, and the additional
three lines are the reflections of this triplet at the surface of the pc. Phase conjugation

ie caan hnua tha affart Af intarcrhanaging tha macitinang af t Aunracsancsa lina and
19 Owiwil lU 1YW Lllw WilWWwR Ul llll\rl\fll“lléllls LIl PUDILIUIID L I.l.lh LIUVIVOVLlivy 1111V Gliv

the three-photon line, with respect to the central Rayleigh line. In addition, phase
conjugation has the effect of redistributing the intensities in the sidebands, such that
the strength of the fluorescence line is enhanced at the expense of the three-photon
line, provided that the atom is excited off-resonance.
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Appendix 1

Consider a stochastic operator of the form

Ln(1) =exp{—in ¢(1))o (1} (Al.1)
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where o(t) is related to the atomic density operator according to (2.9). Taking the
time derivative of (Al.1} yields

3 0(0) = (Lot Ly m) =D)L, (1) (A12)

where we have used (2.10). Now we take ¢(¢) to be the independent increment process,
for which the solution of (A.12) for the average is (Arnoldus and Nienhuis 1983)

{£(D}=expl~i(Ls—i W, —il)(t — 1) £, (10)}. (A1.3)

Due to the fact that the process ¢ is delta correlated, the time regression for 1>,
factors from the initial condition at ¢ = t,. The Liouville operator W, is found to be

Wn=J d¢ w(pH{1—exp[-ig(L,+n)]} (AL.4)

in terms of the jump-rate probability distribution w(¢). The result of (A1.3} and (A1.4)
is independent of the form of L,. When we take L, as defined in (2.8), we obtain

explicitly
Wnn = An{PeHPe + PgHPg}+An—1PeHPg+ An-*-l-’:,g]:-[})e (Al-s)
for arbitrary II. The positive parameters A, are defined as

r\n=J.m d¢ w(¢)(1-cos(ngd}) (Al.6)

where we have assumed w(—¢) = w(¢). Obviously, A_, = A, and A, = 0. The parameters
which determine the fluorescence spectrum are A, and A,, which are restricted by

0= A.=sd). (A1)
U= A =47 L ).

as follows from (A1.6). In the Gaussian limit (phase-diffusion model) we have A, =4A,.

Appendix 2
In this section we evaluate the limit t > for the solution (Al.3). In terms of the
Laplace transform

{fn(s))=rdtexp[—s(r—to)]{r:..(t)} (A2.1)
the solution (Al.3) reads

()= AEY) (A2.2)

S+1Ld+ W,,+F

where the initial value {{,(t;)} is arbitrary. The operator s+iL,+ W,+I" can be
represented by a 4 x4 matrix, and its inverse is easily calculated. Then we find the
long-time solution from the identity

lim {Z,(0)}=lim s{Z.(s)} (A23)

with result
lim {2, (1)} = 8,06 el (1)} (A2.4)



2664 H F Arnoldus and T F George .

Here, & is the steady-state density operator from section 3. It is remarkable that the
long-time solution is only non-zero for n=0. -
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