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Abstract

The Poynting vector for electric and magnetic multipole radiation of arbitrary order (¢,m) has been obtained, and an
expression for the field lines of this vector field has been derived. It is shown that the field lines lie on a cone, and that,
for m # 0, they exhibit a vortex structure with a dimension of about a wavelength around the multipole. The field lines
wind around the z-axis in the neighborhood of the multipole, and outside this vortex region the field lines run approx-
imately radially outward. We have also derived the asymptotic limit of a field line.
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1. Introduction

The energy flow in an electromagnetic field is
represented by the field lines of the Poynting vec-
tor S(r). For a time-harmonic field with angular
frequency w this vector field is time independent
and is given by

S(r) = ZL[uOReE(r) x B(r)", (1)

with E(r) and B(r) the complex amplitudes of the
electric and magnetic fields, respectively. Most

" Tel.: +1 6623 252 919; fax: +1 6623 258 898.
E-mail address: arnoldus@ra.msstate.edu.

interesting are radiation patterns which exhibit a
vortex structure in which the field lines of S(r) swirl
around a singular point or a singular line. Such vor-
tices occur quite naturally in radiation fields. The
oldest example is diffraction of a plane wave by a
half-infinite screen where a vortex appears at the
illuminated side of the screen [1]. In this case the sin-
gularity is a line which runs parallel to the screen,
and the field lines of the Poynting vector curl around
this line. Vortices also appear in the diffracted field
by a slit in a screen [2,3], in the interference pattern
of three plane waves [4], in Laguerre—Gaussian laser
beams [5-8], and in the focal plane of a lens [9,10].
For non-stationary fields the singular points or lines
may propagate [11].
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In the mentioned examples, the vortices are typ-
ically a result of diffraction or interference. At a
singular point or line the Poynting vector vanishes,
and the direction of S(r) in the neighborhood of
the singularity is undetermined. In the case of the
Laguerre-Gaussian beam, the rotation in the vor-
tex is an indication of the angular momentum that
is carried by the laser beam. It was shown recently
[12] that a vortex is present in the field of an elec-
trical dipole when the radiation is emitted in a
Am = £1 atomic transition. In such a transition,
the dipole moment rotates in the xy-plane if the
z-axis is taken as the quantization axis. The field
lines of the Poynting vector circle around the
z-axis with the same orientation as the rotation of
the dipole moment. The field lines emanate from
the location of the dipole (r = 0), making the origin
of coordinates a singular point. In contrast to the
previous examples, the magnitude of the Poynting
vector near the singular point grows without lim-
its. Another difference is that the rotation in the
emitted field is a reflection of the rotation of the
source, rather than a result of interference. In this
Communication we show that a vortex appears in
the Poynting vector of electric and magnetic multi-
pole radiation of arbitrary order, and we derive an
explicit formula for the field lines.

2. Poynting vector of a multipole field

We shall consider a source of multipole radiation
located at the origin of coordinates, and embedded
in a medium with index of refraction » (assumed to
be positive). The order of the multipole is indicated
by (¢,m), with £ = 1 for a dipole, £ = 2 for a quadru-
pole, etc., and for a given ¢ the value of m can be
—0,—¢ +1,...,£. The type of multipole will be dis-
tinguished by the parameter #, and we use y = 1 and
n = —1 for a magnetic and an electric multipole,
respectively. The electric and magnetic fields emit-
ted by a multipole of type # and order (¢,m) can
be written in the compact form

ik

E(l‘) :KbrwmAq/m(r): (2)
n 1k3

B(l’) c 4T58 nbn/mA r//m( ) (3)

in terms of the standard multipole potentials
A, n(r) (defined below). Here, ko = w/c, and the
overall constant b,,,, the multipole coefficient, is
determined by the current density of the source
emitting the radiation.

When we substitute expressions (2) and (3) into
Eq. (1) we obtain

Syim(r) = 1?kgPinRe Ay (1) X Ay (1), (4)

where we have added the subscripts #, ¢ and m to
the Poynting vector. The overall constant Py is de-
fined by

(JJ4 |2

Py =———|by
32m2gec3n "

, (5)

which equals the power emitted by the multipole
(Eq. (31) below). Replacing n by —n on the
right-hand side of Eq. (4) has no effect, and
therefore the Poynting vectors for electric and
magnetic multipoles of the same order are the
same.

The multipole fields are often defined by consid-
ering the action of the orbital angular momentum
operator L = —ir x V on the spherical harmonics
Y,(60,¢) [13]. A more practical representation
[14-17] is in terms of vector spherical harmonics,
defined by

T(('m(eﬁ ()b) = Z(glml

m'p

1u|£m)yﬁm’(07¢)ew (6)

with (Z’m/luwm) a Clebsch—Gordan coefficient and
e, a spherical unit vector. The n =1 multipole
potential is then

Ayn(r) = hél)(Q)Twm(ad’)a (7)

where we have set g = nkyr for the dimensionless
distance between the multipole and the field point
r, and hgl)(q) is a spherical Hankel function. For
n = —1 the multipole potential is

Aflém \ [ ~) . 1 1 E
E
I+1

TH lm 0 ¢)

) Tur1n(0, ¢). (8)
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3. Evaluation of the Poynting vector

In order to evaluate the Poynting vector
explicitly, we substitute the right-hand side of
Eq. (7) and the complex conjugate of the right-
hand side of Eq. (8) into Eq. (4) with 5 = 1. This
gives an expression involving three spherical
Hankel functions and two cross products be-
tween vector spherical harmonics. In Eq. (6),
the vector spherical harmonics are expressed in
terms of spherical unit vectors e,, p=1,0,—1.
For the present calculation it is more convenient
to use the spherical-coordinate unit vectors
I, e and e, for the representation of the func-
tions T, (0,¢). These expressions are given in
Appendix A.

When we take the cross product of Egs. (A.1)
and (A.3) with r and compare to Eq. (A.2) we
obtains

14

it X Ty1m (0, 9) = T 1Tﬁm 0,9), )
41
it x Ty lm 9 915 W 1Tmn 9 (f) (10)

Then we take again the cross product with F, use a
vector identity for ¥ X (¢ x ...), and we use Eqgs.
(A.4) and (A.6) for the appearing dot products.
This yields

/€+1
T((+lm 0 (;b Y/m 0 (;b

1( g I'XT//,,,@Q{) (11)
T 1n(0,¢) = 2£+1an19¢

e+ 1
—1 2€+ ll' X T[[nz(gy ¢) (12)

Subsequently we take the cross product of the
complex conjugate of these equations with
Tyo(0, ). For the last terms on the right-hand
sides this leads to

Teon (0, d) X [ X Toen(0,9)] = [Teem (0, P) X Teen (0, $)°]E,
(13)

where we have used - Ty, (0, ¢) =0, Eq. (A.5).
From Eq. (A.2) we find

TZZm(Ov d)) : T((m(o qb)*
B 1
U+ 1) s

aYZm
o0

Y09 v

]. (14)

The ¢ dependence of the spherical harmonics can
be written as Y,,,(0,¢) = Y,,(0,0)exp(im¢p) with
Y,.(0,0) a real-valued function of 6. Therefore,
0Yy,,/00 = exp(im¢)dY,,,(0,0)/00, and from this
observation it follows that the right-hand side of
Eq. (14) is independent of ¢. We introduce the
abbreviation

Niw(0) = Ty (0, @) - Toim(0, )", (15)

which equals the normalized emitted power per
unit solid angle of a multipole of order (¢,m) (see
below Eq. (32)). We then obtain the desired cross

products:
/ 6 + 1
Zm 0 ¢

Tim (0, d) X Tops1m(0
\/2€+ N[m
X Tpm (0, §) X T, (16)
Toim (0, ) X Top_1(0, p)"
/Z—&— 1 /
2€+1Nlm 2€+ IYZm 0 ¢
X Tli‘m(ga ¢) X l'. (17)

For the Poynting vector we need the cross prod-
uct in Eq. (4) with 5 =1, and this now becomes

Aum(l') x A_ Mm( )’

= s @[+ n @ - G|

X Ny (0)F + 2€£++11)h§1 (‘I)[ 571((1)*

+ 11 (@) Yan(0, ) Tum(0,0) x . (18)

The second term on the right-hand side can be sim-
plified with a recurrence relation for spherical Bes-
sel functions:

" 20+ 1

h ( )+h[+1( )= q hél)(‘ﬁ- (19)

For the Poynting vector we need the real part
of the right-hand side of Eq. (18). One of the
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Wronski relations for spherical Bessel functions
[18] can be written as

i 1
Rﬂh<wgw>=¢;, (20)

and this gives

Re Algm (l‘) X A—l(m (l‘)*

1 I
= Nl OF = VAT In (q)I?
X T X Re Y[m(07 ¢)*T[2n1(07 ¢) (21>

When we multiply Eq. (A.2) by Y,,,.(0, ¢)", then the
second term on the right-hand side is pure imagi-
nary, and gives no contribution. We obtain

Re Y (0, ) Tuum(0, d)
1

=~ gl 22)

which simplifies the right-hand side of Eq. (21).
We now introduce the abbreviation

|Y[m(07¢)|2’ (23)

which is independent of ¢. The remaining spheri-
cal Hankel function in Eq. (21) is given by [19]

el £+k i\
hin((] e+1 Z (Z) : (24)

k=0

so if we set

¢ NVIE
Zklé-i-k <1) ’ (25)
then Eq. (21) becomes
ReAjy,(r) x A 14, (r)"
= N (O + 25 ()Mo O (26)

Finally, the Poynting vector from Eq. (4) becomes

P
S;;Em (l‘) = _21

. m
N0 + 2 Al Min(O)es] - 27
The result (27) is remarkably simple in appear-
ance. The function N,,(0), which equals the
right-hand side of Eq. (14), involves the derivative
of Yy,(0, ¢) with respect to 0. With recursion rela-

tions for spherical harmonics [20], the function
Ny,(0) can be cast in the alternative form

1
00+1 )

X (0= m+1)|Y (0, ¢)|2+%(£—m)

X (U4 m4+1)|Y i (6, 0)]. (28)

Therefore, both N,,,(0) and M,,,(6) are determined
by the absolute values of spherical harmonics.
These functions are independent of ¢, and from
the properties of spherical harmonics it also fol-
lows that these functions are independent of the
sign of m. These functions are listed in Appendix
A for /=1 and ¢=2. The dependence on the
dimensionless radial distance g between the multi-
pole and the field point enters through the function
Ay(q), which is a polynomial in 1/¢* with leading
term A,(g) = 1+ O(q~2). The Poynting vector
S,em(r) has a radial part, proportional to f, and a
term proportional to ey, indicating a rotation
around the z-axis. The sign of m only enters
through the factor m/q, and therefore this rotation
is positive or negative with the sign of m (the posi-
tive direction being the direction which follows
with the right-hand rule from the orientation of
the z-axis).

In general, the power passing through a surface
element of a sphere with radius r around the origin
and with solid angle dQ is given by

dP,ym = Sym(r) - 17 dQ. (29)
For multipole radiation this becomes with Eq. (27)
dPy

| 5 = P\Ny(0), (30)

which is the power per unit solid angle. We note
that the dependence on r cancels. The total emitted
power by the multipole is then

dPn[m _
/dQ Te) =Py, (31)
since
/ dON ,(0) = 1, (32)

which in turn follows from the fact that the vector
spherical harmonics Ty,,(0, ¢) are normalized on



H.F. Arnoldus | Optics Communications 252 (2005) 253-261 257

the unit sphere. Therefore, the parameter P, is the
total power, and the function N,,,(0) is the normal-
ized power per unit solid angle.

4. Field lines of the Poynting vector

The term with e, in Eq. (27) does not affect the
power per unit solid angle, but it does determine
the direction of energy flow out of the multipole.
To see this, we now determine the field lines of
the Poynting vector. Let r(x), with u a dummy
parameter, represent a field line. For any point
on such a line, the Poynting vector at that point
must be on the tangent line. Field lines are only
determined by the direction of S,,,(r) at r, and
therefore the vector field f{(r)S,,(r), with f{r) an
arbitrary positive function of r, has the same field
lines. Consequently, field lines are the solution of
the autonomous differential equation

dr

= fOSy (@) (33)
With 1/(nky) as the unit of length, a field point is
represented by the dimensionless vector q = nkr.
A convenient choice for the function f{r) is

r2

f(l') - I’lk()PlN[m(H) ’

With Eq. (27), the equation for the field lines then
becomes

(34)

du =q+ A[(q) N(!m(g) €y, (35)
with § = 7.

The spherical coordinates of q are (¢, 0, ¢), and
writing out Eq. (35) in terms of these coordinates
yields

dg
do
e m My(0)

The simple form of the right-hand side of Eq. (36)
is a consequence of the choice of f(r). From this
equation it follows that we can set u = ¢, so that

¢ becomes the free parameter for a field line. The
zero on the right-hand side of Eq. (37) follows
from the fact that the Poynting vector has no ey
component, and the solution of this equation is
0 = 0y, a constant. Therefore, on a field line the an-
gle 0 is the same for every point, and this implies
that the field line lies on the cone 0 = 6,. Since
0=0y on a field line, we can set 0 =0, in Eq.
(38). So when we can set
M, (00)

= sin HoN[m(Ho) ’ (39)
which is a constant on a field line. Then Eq. (38)
becomes

d¢p m
azgm@, (40)
with solution
~d
b@) = -ma [ G0, (1)

Here, ¢ is a constant, which equals ¢(¢ — oc0).
Eq. (41) is the parameter equation of a field line
of the Poynting vector (together with 0 = 0,).

The function A4,(g) is a positive function of ¢, as
follows from its definition (25). For a dipole (¢ = 1)
and a quadrupole (¢£=2) these functions are
explicitly

1
41(q) =1 +o (42)
3 9

The integral in Eq. (41) is therefore a decreasing
function of ¢, which implies that ¢(g) increases
(decreases) with ¢ for m positive (negative). A field
line of the Poynting vector is therefore a curve
which starts at the origin of coordinates (g = 0)
and which spirals around the z-axis while staying
on the cone 0 = 0,. With increasing ¢, the distance
to the origin increases, and therefore the field line
spirals outward. The orientation of the field line is
positive and negative with the sign of m. For m =0
the equation for the field line reduces to ¢(q) = ¢o,
and this corresponds to a straight field line which
runs radially outward. For ¢ large, the coordinates
(0,¢) of a point on the field line approach (6, ¢y),
and in particular ¢(g) becomes approximately
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constant with increasing ¢. This means that for
large ¢ the spiraling behavior disappears, and the
field line runs in the direction (6, ¢¢) up to infin-
ity. Figs. 1 and 2 show typical field lines. The vor-
tex structure extends for about a wavelength
around the site of the multipole, and for larger dis-
tances the field lines run approximately radially
outward.

The result (41) gives the field line of the Poyn-
ting vector for any multipole, and therefore the
resulting vortex shown in Figs. 1 and 2 is a uni-
versal feature of multipole radiation. The field
lines for electric and magnetic multipoles of the
same order are the same. The dependence on
the order (¢,m) enters through the function
A/(g) and the parameter «, and this has no influ-
ence on the structure of the resulting vortex.
Only the explicit appearance of m on the right-
hand side of Eq. (41) has significance in that

N

54

Fig. 1. Illustration of two field lines for a dipole with m = 1. We
use dimensionless coordinates (X,7,z), as in Section 6. Each
field line is determined by (6, ¢o), and for the two lines shown
we took (0, o) = (n/4,m/2) and (0o, po) = (3n/4,—n/2). The
parameter equations for field lines in Cartesian coordinates
are given by Egs. (46)—(48), and in the figure the field lines are
projected onto the yz-plane. A field line spirals an infinite
number of times around the z-axis and the length of the
spiraling part is infinite.

1y
0.6

-0.6

Fig. 2. Enlargement of the field line in z > 0 from Fig. 1. Here
we see clearly that the field line lies on the cone 6y = /4. The
arrow to the left (right) is behind (in front of) the Zz-axis,
corresponding to a positive orientation of the spiraling field
line.

its sign determines the orientation of the field
line.

5. The z-axis

In most optical vortices the field lines of the
Poynting vector curl around a singular point
(two-dimensional problems) or a line (three dimen-
sional problems). At such a point or on such a line
the Poynting vector vanishes, and in the neighbor-
hood of the point or line the direction (or phase) of
the Poynting vector becomes undetermined.
For the multipole vortex, the field lines rotate
about the z-axis, and one would expect that this
makes the z-axis a singular line. We now show that
this is not necessarily the case. The dependence on
0 enters the Poynting vector, Eq. (27), through the
functions N,,,(0) and M,,,(0), and these functions
are determined by Y,,(0,¢). The spherical har-
monics are proportional to (sin (9)‘"". For a point
on the z-axis we have 6 =0 or m, so we have
Y4,(0,¢) =0 on the z-axis, unless m =0. From
Eq. (23) we then observe that M,,,(0) =0 on the
z-axis for m # 0. In Eq. (27), M,,,(0) is multiplied
by m, so mM,,,(0) vanishes on the z-axis for all m.
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Therefore, the expression for the Poynting vector
on the z-axis simplifies to

Syim(r) = %Ng,,,(B =0 or n)t, (44)

and T = sgn(z)e,. Now we consider the value of
Ngn(0) for 0 =0 or m, and we look at expression
(28) for this purpose. Since Yy,,(0,¢) is only non-
zero on the z-axis for m =0 we see that N,,(0)
can only be finite on the z-axis for m = 1, and this
comes from either the second or the third term on
the right-hand side of Eq. (28). This yields
Nys = |Y1{0|2/2, both for 6 =0 and 0 = . From
the known expressions for spherical harmonics
we furthermore have |Y,|? = (20 + 1)/4n on the
z-axis. Therefore we obtain

P 20+1,
Sy (r) = 2 Tr’

for the Poynting vector on the z-axis, whereas the
Poynting vector vanishes identically on the z-axis
for other values of m. This shows that for
m = t1, the positive and negative sides of the z-
axis are field lines, on which the Poynting vector
is finite. In this case, the z-axis is not a singular line
in the usual sense.

(45)

6. Asymptotic limit of a field line

A field line is parametrized with the dimen-
sionless distance ¢ between a point on the field
line and the origin of coordinates. The spheri-
cal-coordinate angles (6, ¢) of a point on the field
line are 6 = 0y and the function ¢(g) is given by
Eq. (41). We introduce the dimensionless Carte-
sian coordinates X = nkox, y = nkoy and z = nkyz,
so that a field line is represented by the parameter
equations

X(q) =qsin Oy cos ¢(q), (46)
¥(q) =qsin by sin $(q), (47)
z(q) =q cos by. (48)

For ¢ — oo, the function ¢(q) approaches the
value ¢y, and with ¢(q) = ¢o substituted into
Egs. (46)-(48) these equations represent a line
through the origin of coordinates with angles
(09, o). It might therefore seem that a field line

with constants (0, ¢y) approaches this line for
q large. We now show that this is not exactly
the case.

The function A4,(¢) in Eq. (41) is to leading order
Ay(t) =1+ O(¢7?) for ¢ large. This gives

6(a) = ¢ —%"‘w(%). (49)

With Egs. (46) and (47) this yields

%(q) =sin0y(gcos ¢, +masingy)[1 + O(g72)], (50)
¥(q) =sin Oy (gsin o —macos gy)[1+ (g )], (51)

and the equation for z is the same as Eq. (48). For
¢q large, the factors in square brackets vanish, and
the field line approaches the line (asymptote)
which is parametrized by Xx(g) = sin 6y(g cos ¢+
masin ¢y), y(q) = sin Oy(g sin ¢, — macos ¢,)) and
Z(q) = gcosly. This is a straight line, but it does
not go through the origin of coordinates. For
¢ =0 we have z(0) =0, so the value ¢ =0 gives
the intersection of the asymptote with the xy-plane.
The x and y values of this point are x(0) = masin
0y sin ¢, and y(0) = —masin 6y cos ¢,. Therefore,

2L ————

Fig. 3. Shown is a field line in the xy-plane with ¢y =0 for a
dipole with m = 1. The parameter «, defined by Eq. (39), is
equal to o = 2, as follows from Egs. (A.7) and (A.9). The dashed
line is the asymptote of the field line, and the figure illustrates
that the field line approaches the line y = —2, as predicted by
Eq. (52), rather than a line through the origin of coordinates.
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for m #0 (and 0y # 0 or =), the asymptote does
not go through the origin of coordinates.

This effect is most easily illustrated by consider-
ing a field line in the Xy-plane, for which 6, = n/2.
The equations for the asymptote become ¥(q) =

gcos ¢y + mosing,, ¥(q) = gsind, — macos @,
and upon eliminating ¢ this is

mo.
y=Xxtan ¢, — —— 52
y X ¢0 cos ¢07 ( )

a line with —mao/ cos ¢, as y-intercept. Fig. 3 shows
a field line for a dipole with m =1 and for ¢o =0
and the asymptote of this field line.

7. Conclusions

The Poynting vector for radiation emitted by a
multipole of arbitrary order (¢,m) has been ob-
tained, and the result is given by Eq. (27). Mag-
netic and electric multipoles have the same
Poynting vector. The vector field S,,(r) has a
term proportional to ¥, which accounts for the ra-
dial outflow of energy, and the term is propor-
tional to N,(6), which equals the normalized
power per unit solid angle. The second term is
proportional to e,, and this term is responsible
for the rotation of the field lines around the z-axis.
This leads to a vortex structure, as illustrated by
the figures. The rotation is positive and negative
with the sign of m. For m =0 the e, component
in S,4,,(r) vanishes, and the field lines are radially
outward. The parameter equation for the field
lines is given by Eq. (41), in combination with
Egs. (46)—(48) for the Cartesian coordinates of a
point on a field line. Each field line is determined
by (0o, ¢o), which equal the asymptotic values of
the spherical coordinates (0, ¢) of a point on the
corresponding field line, but it was shown that
the field lines do not approach the line 6 = 0,
¢ = ¢o asymptotically. This feature is illustrated
in Fig. 3.

Appendix A

Eq. (6) defines the vector spherical harmonics
Tym(0,¢) in terms of Clebsch-Gordan coeffi-

cients, spherical harmonics and spherical unit vec-
tors. The corresponding expressions in terms of
spherical-coordinate unit vectors were derived by
Hill [21], and here we list the result for reference.
The parameter ¢ can only have the values ¢ + 1,
¢ and ¢ — 1, for which the vector spherical har-
monics are

“”M”””:‘TZI%EZ?B{k%%%‘*‘+”4
xymaa¢y+%a;7}, (A1)
Tun0,9) = s [ (0. ).
—H%a;?} (A2)
Tiinl0,) =i | e + 8| Vnl0,)
" gagg"} (A3)

From these expressions we immediately see that

Tun(0.6) =3 Yu00), (A

: Tﬁm(ea d)) = 07 (AS)

Tunl0,9) =\ 5V nl0.9) (A6)

Eq. (A.5) expresses that the vector field Ayy,(r) is
transverse (perpendicular to r) for all r.

The Poynting vector S,,(r) depends on 0
through the functions Ny,(0) and M,,(0), given
by Egs. (23) and (28) in terms of spherical harmon-
ics. For reference we list these functions here for a
dipole (¢ = 1) and a quadrupole (¢ =2). For a di-
pole we have

- -

-

3 1.
N4 (0) = 3 (l - zsmze), (A7)
NMmf%mﬁ, (A.8)
3 .
My (0) = 3, Sin 0, (A.9)

and for a quadrupole these functions are
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Ny (0) = % (1 — cos*0), (A.10)
Ny (0) = % (1 — 3cos?0 + 4cos*0), (A.11)
Ny (0) = % (sin 260)°, (A.12)
Myis(0) = 312—5nsin39, (A.13)
M.y (0) = é—i sin 0cos0. (A.14)

The functions M/, (0) are not needed for m =0,
since they are multiplied by m in Eq. (27).
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