15 June 2002

OPTICS
COMMUNICATIONS

ELSEVIER Optics Communications 207 (2002) 7-15

www.elsevier.com/locate/optcom

Uniform asymptotic approximation of the evanescent part
of the Green’s tensor

Henk F. Arnoldus®, John T. Foley

Department of Physics and Astronomy, Mississippi State University, P.O. Drawer 5167, Mississippi State, Mississippi 39762-5167, USA
Received 28 January 2002; accepted 13 March 2002

Abstract

The evanescent part of optical radiation from a localized source decays rapidly with distance. We have studied the
asymptotic behavior of this radiation by means of the Green’s tensor. This tensor can be expressed in terms of four
auxiliary functions M;(q, 0), with ¢ the (dimensionless) distance to the source and 0 the polar angle. We have derived
asymptotic approximations for these functions, with Bleistein’s method, which hold uniformly for all angles 6. Our
result generalizes the result of Berry for the evanescent part of the free space scalar Green’s function. We have illus-

trated graphically the accuracy of our approximation. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The electromagnetic radiation field which is
emitted by an oscillating electric dipole or an atom
in free space is usually considered as an outgoing
spherical wave, emanating from the location of the
source [1]. In many practical applications, such as
a radiating atom near a medium, this representa-
tion is not the most convenient due to boundary
conditions at the planar interface. A solution to
this problem is to represent the dipole field as a
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superposition of plane waves, each of which sat-
isfies Maxwell’s equations in free space. In this
fashion, the plane waves can be matched across the
boundary by means of the Fresnel coefficients, and
this provides a representation of the solution of
Maxwell’s equations [2-6]. In such an approach,
this superposition, referred to as the angular
spectrum, consists of (radiative) traveling waves
and of exponentially decaying (evanescent) waves.
The traveling part of the electric field has been
studied most extensively, since the far field, which
is amenable to observation by macroscopic detec-
tors, is predominantly determined by the traveling
waves. This far field can be obtained from an an-
gular spectrum representation by means of the
method of stationary phase [7,8], which yields an
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asymptotic approximation for the field at a large
distance from the source.

The evanescent waves, which are generated by
the source, decay in the z-direction and propagate
in the xy-plane. Since these waves decay rapidly,
they only seem to have significance for the optical
near field in the vicinity of the source. When the
source is located near an interface, the interaction
between the source and the medium can be ex-
pected to depend strongly on the evanescent
waves, and this has indeed been found experi-
mentally [9-11]. On the other hand, it is known
that the evanescent waves can survive in the far
zone for observation points that are on the z-axis
or in the xy-plane [12]. Since these directions seem
to have zero angular measure, it was assumed that
this phenomenon was merely a mathematical ar-
tifact. Recently, however, it was shown [13,14] that
there is a finite cylindrical region around the z-
axis, with a diameter of about a fraction of a
wavelength, where the evanescent waves extend
into the far zone. Although the angular width of
such a cylinder vanishes for large distances, its
cross-section does not, and this might indicate that
evanescent waves could be observable in the far
field. More recently it was shown by Berry [15] that
also in the neighborhood of the xy-plane the eva-
nescent waves survive in the far zone over a finite
cross-section. In this paper we generalize Berry’s
approach to derive a uniform asymptotic approx-
imation for the evanescent part of the electric field
of a dipole as a function of the distance r to the
source and uniform in the polar angle 6.

2. Green’s tensor and angular spectrum

The electric field of an electric dipole fi(w) at the
origin of coordinates is most conveniently ex-
pressed in terms of the Green’s tensor y(r,) ac-
cording to
kg o

AR COL (1)

The angular frequency w indicates a Fourier time
transform and the wave number k, equals w/c.
Since all spatial dependence of the field is incor-
porated in the Green’s tensor, which is indepen-

E(r,0) =

dent of the source, it suffices to consider only this
Green’s tensor, defined by
elkur

i) = (T4+5v9) C @)

We shall assume » # 0 throughout. For extended
sources, the electric field can be found from (1) by
superposition. When working out the derivatives
in (2), terms which fall off as »~3, 7~ and ' ap-
pear, and these represent the near, middle and far
field, respectively. Each term is proportional to
exp(ikor) and therefore corresponds to an outgoing
spherical wave.

The angular spectrum representation of ?(r, )
can be obtained by means of Weyl’s representation
of the scalar Green’s function [16]

eikor i o el
= [ dk——. 3
i / dk—3 (3)

Here, k| is a vector in the xy -plane and the pa-
rameter f is defined as f§ = (k7 kz)l/2 for ky < ko
and f =i(kj — k2)'? for ky > ko Expression (3) is
a superpositlon of plane waves. When kj < k; the
corresponding plane wave travels in the direction
of the wave vector (k, ) for z> 0 and (kj,—p)
for z < 0 without change of amplitude. When
ky > ko the wave travels in the xy-plane in the di-
rection of k|, and decays exponentially in the z-
direction. In this fashion, the angular spectrum
integral (3) separates the scalar Green’s function
into a traveling and an evanescent part. When
substituted into (2), the dyadic Green’s function
splits similarly. When we bring the derivatives
under the integral and work out the resulting ex-
pression we find the compact representation

7 (r 2nk / d’K| ﬁ( 2 KK) (4)

where we have set K = k| + fisgn(z)e. for the wave
vector of the partial waves.

3. Evanescent part

The evanescent part of the Green’s tensor now
follows from (4) by restricting the integration over
the k-plane to the region outside the circle kj = k.
When using polar coordinates, the angular
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integration can be performed easily, leading to
Bessel functions J,(x). For the radial integral we
make the change of variables kj = ko(1 + u?) "2, and
we shall adopt dimensionless coordinates with 1 /kg
as length scale. The distance to the origin (in con-
figuration space) will be indicated by ¢ = kor, and
the z-coordinate becomes { = kyz. It is also conve-
nient to introduce p as the dimensionless polar
coordinate in the xy-plane (distance to the z-axis),
e.g., p = ko(x* + »*)'/*. Putting everything together
then yields the following expression for the
evanescent part of the Green’s tensor [17]:

«— ev _1 A
/(l’, (,I)) _5 (I + ezez>Ma(Q7 9)
1 /o =
+ E (I — €6, — ZI'HI'H)M/,(q, 0)
1 - .
+ Esgn(é) (l‘uez + eer)MC(q7 0)

+%(1 - 3ezeZ)Md(q,9). (5)
Here 1y is the radial unit vector in the xy-plane and
sgn({) indicates the sign of {. The coordinate de-
pendence of this tensor appears entirely through a
set of four auxiliary functions, which are all of the
form

M(q,0) = /000 duf (u)J, (p 1+ uz)e_”m. (6)

They differ in their f(u) and the order n of the
Bessel function, as shown in Table 1. The ¢ and 0
dependence enters here through p =g¢gsin0 and
{ = gcosf. These four integrals can be expressed
in closed form by means of Lommel functions [18],
but the resulting expressions are cumbersome
[17,19,20] and not very suitable for the study of the
behavior of the tensor for large ¢.

4. Asymptotic approximation

In this section we derive an asymptotic ap-
proximation for integrals of the general type (6),
for ¢ large, 0 arbitrary. The g-dependence appears
in the exponential through { = gcos@ and in the
argument of the Bessel function as p = ¢sin 0. For
q large we then also have p large, provided we
exclude the z-axis, 8 = 0 or m. As the first step we
use the asymptotic approximation of the Bessel
functions for large argument:

Ju(x) =~ \/zcos {x —%(2?1 + 1)} (7)

Then (6) can be approximated accordingly:

2 —(im n
M(q,0) = \/n—pRe[e 9 Dm(q,0)], (8)

where we have set

‘X’ S g
m(q,0) = du—"——" ™) 9
@0 = [ T ©)
with
w(u) = —ulcos 0] +isin 0/ 1 + 2. (10)

We therefore need an asymptotic approximation
for integrals of the type (9). In this form, the large
parameter ¢ only appears in the exponent and only
as an overall factor, which is a great simplification.

The critical points of the integral (9) are the
lower limit u = 0, and a possible saddle point of the
function w(u) in the complex u-plane. For a saddle
point we have w'(u) =0, and it is easily verified
from (10) that this saddle point is located at
uy = —i| cos 0| for a given 0. Although the integra-
tion contour does not pass through the saddle
point, for # — 7/2 the saddle point approaches the

Table 1
Function f(u), order n and parameters for the four integrals
Ma(q7 0) Mb(qv 9) Mr‘(q7 6) Md(qa 0)
f(u) 1 —(1+u?) 2uv1+u? —u?
n 0 2 1 0
£(0) 1 -1 0 0
f(ug) 1 —sin’ 0 —i| sin 20| cos? 0
£'(0) 0 0 2 0
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integration endpoint ¥ =0 from the negative
imaginary axis. It can then be anticipated that this
saddle point gives a contribution which can be
comparable to the contribution from the endpoint.
For situations like this, an asymptotic approxima-
tion can be obtained with Bleistein’s method [21-
23], and this was applied recently by Berry [15] to
find a uniform asymptotic approximation in 6 for
the scalar Green’s function (our M,(q,0)), which
smoothly varies in the neighborhood of 0 = 1/2.

In Bleistein’s method, a change of variables
u — t is made, and in such a way that the exponent
w(u) is mapped onto a quadratic form. The ap-
propriate transformation here is

w(u) = = — ot +1sin 0, (11)
with
o= (1+1i)V1—sind. (12)

In this way, the new saddle point appears at
t = —a. The contour of integration C in the com-
plex ¢-plane starts at the origin, lies in the fourth
quadrant and approaches a line under at most 45°
with the positive real axis, as shown in Fig. 1. Next
we make a linear approximation of the integrand,
excluding the exponential factor. We set

S()  du
(1+u2)"* de

with u = u(¢), and the constants ay and a; are
chosen such that this approximation is exact in the

~ ay + ait, (13)

Im t-plane
Re

Fig. 1. Illustration of the contour of integration C for the in-
tegral (18) in the complex z-plane. The curve approaches the
straight line through the saddle point P, and this line slopes
down under an angle of 6/2 (for 6 < n/2; otherwise the angle is
(m—0)/2). The parametrization of C follows from solving
transformation (11) for #(u).

critical points t = 0 and ¢ = —a. From the trans-
formation (11) we see that

du  t+ua
dt W)’

(14)

and since ¢ = 0 corresponds to u = 0 we find from
(13) with ¢ = 0:

oy = 1O )
V1 +sin6

For ¢t = —a, the right-hand side of (14) has to be

evaluated with a limit procedure. This gives

(dz/df),__, = V/isin 0, and then with (13) we find
_ f(0) = f(u0)b(0)
1 — | cos 9| ) (16)
where we have set
b(0) = %sin@(l—i—sin@). (17)

The values of f(0) and f(up) for the various inte-
grals are listed in Table 1.

With the approximation (13) the integral (9)
becomes in the z-plane

m(q, 0) ~ e / dt(ay + ayr)e” (/20 (18)
c

The integrand is analytic and with Cauchy’s the-
orem the contour can be brought back to the real
axis. The remaining integral can then be expressed
in terms of the complementary error function. The
asymptotic approximation for m(g,0) is then
found to be, after some rearrangements,

m(g,0) ~ m £(0) — £ (uo)b(0)]

sin0 . -
)y [y e erte | Vilg = )], (19)

and with (8) we find for M(q, 0)

1 2

x Re{[£(0) — f(uo)b(0)]e!P~ (/91N

+ éRe{f(uo)ei(q‘(”“/z))erfc[ i(g — p)] }
(20)
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With the values of f(0) and f(uy) from Table 1,
this determines the asymptotic approximation of
the four auxiliary functions in the Green’s tensor,
uniform through 6 = /2.

Expression (20) is constructed to be uniform
near 0 = /2. This implies that it should hold for
all 0, except, perhaps, for 0 approaching 0 or T.
First we observe that for 6 — n/2 we have |{| — 0,
and it appears that the first term on the right-hand
side is undefined. However, when we approach the
xy-plane we have wu;— 0, and therefore
[£(0) — f(uo)b(0)] — 0. Apparently, the value near
the xy-plane has to be investigated with a limit
procedure. After we expand f(uy) in a Taylor se-
ries around u = 0, we find the following limit:

. 1 R
GLHT}}Z m [ (0) = f(u0)b(0)] = f(O)i. (21)
Furthermore, in this limit we have p =g¢, and
erfc(0) = 1, and we can use that f(0) and f”(0) are
real. The result (20) then reduces to

<> os (g -"T) + 1 [ 27

M(q,n/2) ~ 3 ) o\ n

% (0) cos [q - g (2n — 1)] . (22)

This shows that in the xy-plane the leading term
will in general be O(g~"), which is a far field con-
tribution. Only if f(0) = 0, the leading term be-
comes (/(g~3/?), which falls off faster than the far
field.

5. Uniform asymptotic approximation

For 0#m=/2 and ¢ large, we have
erfc[/i(q — p)] = erfcly/ig(l —sin )] — 0, and
only the first term on the right-hand side of (20)
survives. This term is ©(¢g~*/?), provided not both
f(0) and f(up) vanish. If 0 approaches 0 or =,
approximation (20) becomes invalid, since in this
limit we have p — 0 whereas we used explicitly
that p is large. On the other hand, for p large, both
sides of (7), with x = p, are asymptotically equiv-
alent. On the right-hand side of (20), the term
which is proportional to f(0) contains exactly the
approximation of J,(p), so as long as p is large we

can replace this part again with J,(p). The result
then becomes

A
I () ¢ /n(1 —sin 0)

Re{j'(uo)ei[f"%(z”“)] }
+ éRe{ S (o) Derfe| Vilg = p)] |,
(23)

M(q,0) ~

where we have used (17). With some further re-
arrangements this can be written as

S0
9~Ta

X {erfc{ i(q — p)}

_ 1 —i(g—p)
T p) }) ' 2

We now claim that in this form the asymptotic
approximation is uniform for all 6. To show this,
we go back to (6) and integrate by parts. This

yields
f / dye4l¢l
|c| BT

x % { f(u)J, <p 1+ u2)} (25)

as an exact integral. Repeated integration by parts
then gives an asymptotic series in 1/|{|, which
holds for |{] large, but p arbitrary. We see that the
first term on the right-hand side of (24) is the first
term in this asymptotic series. On the other hand,
with the asymptotic series for the complementary

error function [24] we have
free(2))
z

erfc(z) ! e ! e
zZ) ——= =
/T 223\ /1
(26)
needed for z = +/i(q — p). For ¢ large, this be-
comes ()(g~*?), and the additional 1/g makes the
second term on the right-hand side of (24) order
g3/, Since the first term is ¢(q~*?), the second
term can be neglected for || large. This shows that
(24) and (25) are asymptotically equivalent for |{]|

M(q, Ju(p) + éRe <f(”0)ei(q_n7)

M(q,0) =
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large. Since (24) was already shown to be correct
for p large, this proves that it holds for ¢ large, any
0, making this a true uniform asymptotic ap-
proximation. It should be noted though that the
case 0 — m/2 still has to be considered as a limit,
with the result given by (22), or equivalently by

M(q,m/2) ~ f;o) cos (q - @) B f’((IO)

Jn+l(q)'

(27)

2

6. The M(q,0) functions of the Green’s tensor

The general result (24) can be simplified further
for the four integrals M,, M,, M. and M, in
7 (r,m)%, Eq. (5). To this end, we introduce the
universal function of ¢ and 0:

v
mi(q — p)

—erfc[ i(q—p)}}) (28)

The overall factor of | cos 0| is included to keep this
function finite for 0 — ©/2. We can rewrite (28) as

n(q,0) = Hl%i;ngcos (p —g)
— | cos B\Re{eiqerfc[\/W} }, (29)

from which we find for 6 — m/2:

n(g,m/2) = \/;icos (q—g), (30)

which is asymptotically equal to Jy(g). It then
follows immediately that near 6 = n/2 this func-
tion is of order ¢~ '/2. On the other hand, from (28)
and (26) we see that n(g, 0) = O(g~/?) for 0 # /2.
Function n(q, 0) is shown in Fig. 2 as a function of
0, for various values of ¢.

With (24) and the parameters in Table 1 we now
find the asymptotic result for the parts of the
Green’s tensor

M,(g.0) ~ fawo(m ~ n(g.0)), (31)

eila—r)

n(g,0) = |cos 0|Re <ei"{

0.2

n(q,0)

0 30 60 90
0 (in degrees)

Fig. 2. Graphs of the universal function n(q, 0), defined by (28),
for ¢ =2, 6 and 20.

My(g,0) ~ —%vz(p) + sin’ On(g, 0)], (32)
M.(.0) ~ Zq U niq.0), (33)
My(g.0)~ °°;0' n(g.0), (34)

with p =¢sinf as the arguments of the Bessel
functions. For 0 = n/2 we obtain from (27) the
limiting values

M,(g,7/2) ~ qq (35)
My(q,m/2) ~ qq (36)
M.(q.m/2) ~ —§J2<q>, (37)
M,(q,m/2) = 0. (38)

This shows that near the xy-plane M, and M, are
O(q"), e.g., they contribute to the far field,
whereas M. decays as (0(q*/?) and M, decays even
faster. It is interesting to note that in the xy-plane
the exact values are known for all ¢ [13,17]. It
appears that the expressions above for M, and M,
are exact for all ¢, and the other two have an un-
resolved part of 0(g~2).

For 0 # n/2, we have n(q,0) = 0(¢g73/*), and
each term in (31)-(34) containing n(g,0) is
0(g~>"*). Since the uniform asymptotic approxi-
mation is only accurate up to ((g~3/?), these terms
should be neglected. We then find
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M,(g.0) ~ %J()(p), (39)
My(q,0) ~ —%pr), (40)
M.(q,0) = M,(q,0) ~ 0. (41)

Since the Bessel functions are ¢(g~'/?) for p large,
we see that M, and M, are ((q—*/*) whereas the
other two functions vanish. This typical ((g~3/?)
dependence has been found before [14]. For large p
we also have J,(p) ~ —Jy(p), as follows from (7),
and therefore we have M;(q,0) =~ M,(gq,0). From
the point of view of the Green’s tensor, near the
xy-plane it has a far field part, O(¢~'), and this
goes over smoothly into the (¢/(¢—*/?) dependence
away from the xy-plane. Apparently, there is a
layer near the xy-plane where the evanescent
waves survive in the far field. This region is de-
termined by the function n(q, #). This function is
O(g~'/?) whenever the erfc(z) has not yet reached
its asymptotic value given by (26), and this is for
q—p < 1. Since ¢ = (p* + (3)"?, the thickness of
the layer in the z-direction is about [{| ~ |/p, for a
given p. It is interesting to notice that the layer
thickness becomes larger for greater distances
from the source. The angular width A6, however,
is A0~ |{|/p and this is A0~ 1/,/p. Conse-
quently, the angular width vanishes for p large,
even though the corresponding layer thickness
grows indefinitely with |/p.

The typical ¢(g~*/?) behavior from the previous
paragraph is based on the assumption of p large,
which is equivalent to 8 # 0 or t. When 6 — 0 or
7, e.g., when the field point becomes close to the z-
axis, the character of the Bessel functions changes.
We then have Jy(p) = 1 and J,(p) = 0. Then (39)
becomes

M,(q,0 or ) zl, (42)
q

and the other three vanish entirely. Also for the z-
axis, the M(q,0) integrals can be evaluated in
closed form, and it appears that (42) holds exactly.
It can also be shown that M, = M, =0, so this
asymptotic result is also exact. Only the exact va-
lue for M, has an (O(g~3) contribution on the z-
axis, which is not resolved properly with the

asymptotic approximation. We notice that also on
the z-axis the leading contribution is of the far field
type, whereas a distance away from the z-axis the ¢
dependence is (/(¢~*/?). The transition here is de-
termined by the value of p where the asymptotic
behavior of Jy(p) and J5(p) sets in. This occurs at
p~1, so at a radial distance of about a wave-
length from the z-axis. Therefore, the far-field be-
havior of the evanescent waves is dominant in a
cylindrical region around the z-axis. Again, the
corresponding angular width vanishes asymptoti-
cally, but the cross-section of the cylinder remains
finite for all ||, and the radius of this cylinder is of
the order of about a wavelength.

Fig. 3 shows the exact M,(q,0) and its asymp-
totic approximation (31) as a function of 0 for
g = 2n. Here the distance to the source is only one
wavelength, and the approximation already seems
excellent, except close to ©/2. The limiting value
(35) for 6 — m/2 is actually exact for all ¢, and
therefore one would expect that the agreement
near ©t/2 would be better. However, (35) follows
from (31) under the assumption that ¢ is large, and
apparently ¢ = 2m is too small for (35) to set in.
Fig. 4 shows that the approximation near 7/2
improves rapidly with increasing g. A result for
M,(q, 0) is shown in Fig. 5, and it appears that the
approximation near 0 = /2 is less accurate than
the corresponding approximation for M,(q,0)
from Fig. 4 (both are shown for ¢ = 10m). As the

0 30 60 90
0 (in degrees)

Fig. 3. Curve (a) shows the exact M,(q, 0) for ¢ = 2n and curve
(b) is the asymptotic approximation from (31). The deviation
near 0 = /2 is a result of the fact that ¢ is not yet large enough
for the asymptotic approximation to be accurate for this angle.
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O (in degrees)
Fig. 4. The exact M,(g,0) for ¢ = 10m and its approximation.

As compared to Fig. 3, the approximation is now also virtually
perfect near 0 = /2.

0.06

0 30 60 90
0 (in degrees)

Fig. 5. Curves (a) and (b) illustrate the exact and approximate
M,(q,0), respectively, for ¢ = 10m.

value of ¢ increases, the approximation for
M,(q,0) improves correspondingly. The approxi-
mation for M.(g,0) is O(q~*?) near the xy-plane
but O(q~>?) away from the xy-plane, as follows
from (33). Since the asymptotic approximation is
constructed to be accurate up to order g3/, but
not further, the approximation for M,(g,0) can
only be expected to be accurate near /2, but not
for smaller angles. Fig. 6 shows that this is indeed
the case. It is interesting to notice that here we do
not see the slight deviation near n/2 due to the
finite value of ¢, as in Figs. 3 and 4. The function
M,y(q,0) is O(g>?) for 0 # /2, which is asymp-
totically negligible. Near the xy-plane it is
0(g~3/*), as seen from (34), but the overall cos 0

0.006
M,
0.003
0
-0.003
0 30 60 90
0 (in degrees)

Fig. 6. Exact and approximate function M. (q,6) for ¢ = 10m.
This function only approximates the exact result in the neigh-
borhood of 0 = n/2.

makes M,(q,0) vanish for 0= n/2. Therefore,
My(q, 6) can be neglected for all 6.

The evanescent part of the Green’s tensor fol-
lows after substitution of M,, M, and M. from
(31)—~(33) into expression (5) for ?)(r,a))ev. To
leading order, the tensor becomes ()(¢~') near the
z-axis and near the xy-plane, and O(q—3/?) else-
where. These leading order-contributions come
from M, and M, only, and it might appear that M,,
which is (g~3/?) near the xy-plane and negligible
elsewhere, can be neglected entirely. This is how-
ever not the case. The tensor 7 (r, ) couples the
Cartesian coordinates of the dipole moment to the
Cartesian coordinates of the electric field, as
shown in (1). As seen in (5), the M functions
couple different components of the two vectors.
For instance, let i(w)  e,, consider a field point
on the x-axis, r = xe,, and then evaluate the z-
component of the electric field. This gives a term of
the form

e.- |7(xe, ) - ex} = %sgn(C)Mc(q, n/2)
-2 ) (43)

and this only contains the function M,. Since this
0(g~3?) term is the leading term for this field
component, it should be retained, even though the
order of the entire tensor at this field point is

Olg).
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7. Conclusions

Electromagnetic radiation emitted by a local-
ized source is a superposition of traveling and ev-
anescent waves, when represented by an angular
spectrum. We have studied the asymptotic behav-
ior, for large distances from the source, of the
evanescent component by means of the Green’s
tensor. An asymptotic approximation was derived,
which holds uniformly for all observation (or
emission) angles. Our result generalizes earlier
expressions for the scalar Green’s function, which
only held for large z-coordinates or only far away
from the z-axis. The asymptotic approximations of
the four auxiliary functions M,(q,0), M,(q,0),
M.(q,0) and M,(gq,0) that occur in the Green’s
tensor could all be expressed in terms of a single,
universal function n(q,0) and low-order Bessel
functions, as shown in (31)—(34). By considering
the g¢-dependence of these functions, we have
identified the contribution of each to the far field.
It appeared that only M, and M, contribute to the
far, O(q7"), field, and only near the z-axis and near
the xy-plane. Functions M,(q,0), M;(q,0) and
M,(q,0) contribute all to the more typical ((qg—/?)
behavior of evanescent radiation. It appeared that
function M,(q,0) is asymptotically negligible for
all angles. We have illustrated numerically that
already for a few wavelengths away from the
source our asymptotic approximation is accurate
within graphing resolution.
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