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Density matrix for photons in a cavity
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The transient behavior of the density operator for radiation in a single-mode cavity at a finite temperature
is considered. Any initial state will evolve toward thermal equilibrium because of the interaction with the
mirrors. This steady state is determined uniquely by the temperature, but the transient state depends on
the initial conditions. The equation of motion for the matrix elements of the density operator is solved
analytically, given an arbitrary initial state. The factorial moments, the generating function, and the time-
dependent spectral distribution are also obtained. The results yield known expressions in the appropriate

limits.
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1. INTRODUCTION

We consider radiation in a single-mode cavity at tempera-
ture T. Ifthe radiation were in thermal equilibrium with

the cavity mirrors, then the average number of photons
would be!

1

Med = oxp(hiwe/kT) — 1 b

where w. is the resonance frequency and % is Boltzmann’s
constant. Coupling between the radiation and the mir-
rors leads to relaxation toward thermal equilibrium, and
in a finite-@ cavity the coupling parameter is K = w./Q.
The equation of motion for the density operator p of the
radiation is?~*

Jdp _
de¢
The Liouville operator L, accounts for the free evolution
and is given by

(Lr —iLc)p (1.2)

L.p = wla'a, pl, 1.3)

where a' and o are the usual photon-creation and
-annihilation operators, respectively. The mirrors of the
cavity give rise to damping in the time evolution, and
this is included in the equation of motion by means of the
Liouvillian L.. This operator is defined as

L.p = 1/aneq(aoﬁp + paat — 2atpa)
+ 12K (neq + D(atap + pata — 2apat). (1.4

We consider n.q a free parameter of the system, repre-
senting the finite temperature. This n.q is equal to the
average number of photons in the steady state, ¢ — .
For T = 0 we have n.q = 0, for which the terms repre-
senting thermal excitation in Eq. (1.4) vanish.

The formal solution of Eq. (1.2) is

p(t) = exp[—i(L, — iL.)t]p(0), (1.5)

showing that an arbitrary initial state p(0) determines
the solution for all ¢ > 0. Of practical interest are the
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matrix elements with respect to number states, p(t)ym =
(nlp(¢)|m), and they are determined, in principle, by the
initial matrix elements p(0)ny,. The set {p(¢)nm} depends
in a linear way on the initial set {p(0),m}, as follows
from Eq. (1.5). If we can express the matrix elements
{p(t)nm} as linear combinations of {p(0)nm}, then the coef-
ficients of the transformation matrix are the matrix ele-
ments of the evolution operator exp[—i(L, — iL.)t]. The
evaluation of this operator would also be relevant for
the Jaynes —Cummings model with cavity damping,®~4 in
which it is sometimes used to transform the equation of
motion to the dissipation picture. Recently Mufti et al.'®
proposed a solution of Eq. (1.2) in the form of the Ansatz

p(t) = exp[(t)]exp[a(t)at lexpl x (t)atalexp[a(t)*a].
(1.6)

This Ansatz leads to a set of nonlinear equations for the
unknown functions ¢ (¢), «(¢), and y(¢), and the initial val-
ues have to be determined from the factorization of p(0)
in the same form as in Eq. (1.6). It is not obvious how
that can be accomplished in general for an arbitrary p(0).
This solution still involves exponentials of operators, al-
though in a much simpler form than in Eq. (1.5).
Taking the matrix elements of Eq. (1.2) with respect to
number states and using Egs. (1.3) and (1.4) give

dgr;m =—i(n — MQpnm — Yone,

X[(n+m+ 2)pum — 2Vnm pp-1m-1]

— Yo(neq + D{(n + m)pam

= 2[(n + D(m + DI pps1merd,
n,m=0,1,2,..., 1.7

where we have set 1 = Kt. Of particular interest are
the populations p,(7) = (nlp(7)|ln), n =0, 1, 2,..., which
equal the probabilities of finding n photons in the cavity
at time 7. For m = n, Eq. (1.7) simplifies to

dp,
? = _neq{(n + l)pn - npn—l}

- (neq + 1){npn - (n + 1)pn+1}7 (18)

0 1996 Optical Society of America



1100 J. Opt. Soc. Am. B/Vol. 13, No. 6/June 1996

which is a rate equation for the populations p,(r) of
level |n). The first two terms are excitations from and
to level |n), and the next two terms are decays to and
from level |n). Solutions of an equation of the type of
Eq. (1.7) have been found by an expansion in eigenfunc-
tions and eigenvalues of the coefficient matrix defined
by the right-hand side of Eq. (1.7).1% Equation (1.8)
has been solved for a variety of initial conditions by a
generating-function technique.!’~2° If the density op-
erator has a P representation, then Eq. (1.8) can be
transformed into a Fokker—Planck equation for this P
representation, which can subsequently be solved.}?! In
this paper Eq. (1.7) is solved directly in terms of the
initial matrix elements, and the result is applied to the
evaluation of some quantities of interest.

2. GENERATING FUNCTION

Equation (1.7) couples only matrix elements with the
same value of m — n. Therefore we set m = n + [, with
l=0,1,2,..., and consider / fixed. Then Eq. (1.7) cou-
ples pp iy for n=0,1,2.... Equation (1.7) can be sim-
plified with the following transformation:

yul) = expl(neg + Y2 — iQ)ir ][(” * Dt } pnsi(7),
@.1)
which gives
dy.,
le = —neg{(n + Vyn — (0 + Dyn-1}
= (feq + Diny, — (n + L)yui1}, (2.2)

and we set y-; = 0. Equation (2.2) for y,(7) is almost
identical to Eq. (1.8) for p,(7). Equations of this type are
most conveniently solved through the use of a generating
function.??-24  Let

©

g(x7 T) = Z xn’}’n(T), (2.3)

with x an auxiliary parameter. Then we multiply
Eq. (2.2) by x™ and sum over n. The resulting equation
can then be written as
d
£ x(+ Dlg,
aT

(2.4)

— (1= 21 + neg(1 — x)]‘;—f ~ e[l -

a partial differential equation for g(x, 7).

Equation (2.4) can be solved with Laplace transform
in 7 (see Appendix A) or with the method of charac-
teristics.?>?® The solution is

exp(MeqlT)
[1+u@—x))*!
where we replace x in the initial generating function
g(x, 0) by the parameter

B 1+U(1—x).
&= 1+ u(l—x) (2.6)

glx, 7) = g(£,0), (2.5)

Here we have introduced the abbreviations

U = Neg[1l — exp(—7)], 2.7

U= Neq — (Neq + 1)exp(—7). (2.8)
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3. MATRIX ELEMENTS

The x dependence of the generating function determines
the quantities y,(7), because they are the Taylor coeffi-
cients in a series expansion around x = 0, according to
Eq. (2.3). Hence these quantities can be determined by
n-fold differentiation as

n

— glx, 7) . (3.1

x=0

(7)) = o

A complication here is that Eq. (2.5) contains the initial
generating function, with ¢ as a variable. To express
v.(7) in terms of a linear combination of all v,(0) we set

g(£,00 = &y,(0) (3.2)
k=0

in Eq. (2.5) and then substitute expression (2.6) for ¢&.
Carrying out the n-fold differentiation then yields

B 1+ o)t
) kz OGTTHIT + wr

XZ((k+l+n—m>! |:_U(1+u):|

YulT) = exp(neqlr)(

n —m)m!(k — m)! u(l + v) (3.3)

The summation over m effectively runs up to m =
min(n, k) because of the factorials in the denominator.
Therefore the series over m is a finite sum.

The matrix elements of the density operator now follow
from transformation (2.1). We find that

| ol LY.

Prn+i(7) = expl(iQ — 1/2)17][(,1 n l)y} (1 + u)
© k! vz 1+ v)*
Z Pri+1(0) |:(k " l)!} (1 + g)k+iel

X% ((k+l+n—m)! |:_U(1+u):| 3.4)

n—m)ml(k — m)! u(l + v)

forn,1=0,1,2,.... With @7 = w.t we see that p, ,+;(7)
oscillates with the Bohr frequency w.l, as it should. The
remaining matrix elements follow from

pn+l,n(7) = pn,n+l(7)*7 (35)

because p is Hermitian.
For [ = 0 the coherences go over into the probabilities
pn(7). When we write

(1) = D Xum(7)pn(0), (3.6)
m=0

then X, ,,(7) is given by

B u" 1+v (m+n_j)!
Xn,m(T) - (1 T u)n+1<1 + u) g‘ (n - J)'J'(m _J)'
v(l + u) j'
" [_m} 3.7

The summation over j runs from j = 0 to j = min(n, m).
The quantity X, ,,(7) can be considered the Green’s func-
tion, as it equals the probability p,(7) when the initial
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state is the number state |m)(m|. In terms of the hy-
pergeometric function F(a, b, c; 2),%” X, n(7) can be ex-

pressed as
u” 1+v)(n+m
1+wrti\1+u n

X F{—n, -m, —n —m; M} ) (3.8)

Xom(7) =

“u(l +v)

and with the identity

+
(n mm>F(—n, -m,—n—m;z)=F(—n,—-m, 1;1-2)

(3.9)
this can be simplified to

un 1+v m u-—uv
Xom(T) = W(l n u) F{_”’ LA v)}

(3.10)

4. FACTORIAL MOMENTS

The factorial moment s;(7) of the probability distribution
is defined as the average of n!/(n — k) for k =0, 1, 2,...,
eg.,

©

n!
sp(r) = ';e =Rl pa(7). (4.1)
The inverse of this relation is
o (=D
Dpa(7) = kZO PRTAR Spii(7), (4.2)

showing that either the set { p,(7)} or the set {s,(7)}
uniquely determines the probability distribution. More-
over, both sets are related through the generating func-
tion according to

. .
g, =Y @ pun =Y LD
n=0 k=0 °

showing that { p,(7)} are the Taylor coefficients for an ex-
pansion around x = 0 and {s;(7)} are the Taylor coeffi-
cients for an expansion around x = 1 of the same function.
The evaluation of the factorial moments proceeds in the
same way as the derivation of the matrix elements from
the generating function. From Eq. (4.3) it follows that

Sk(T) 5 (4.3)

8k
Sk(T) = m g(x, T) - : (4.4)
We set [ = 0in Eq. (2.5) and replace the initial generating
function by

- (£ - 1)
(&, 0)=IZ0 T 510), (4.5)

with ¢ given by Eq. (2.6). Carrying out the k-fold differ-
entiation and letting x — 1 yield

e\ 1
— o k-1 _
si(7) = IZO(“> G e D). 48
The factorial moment s,(7) is determined by the ini-
tial factorial moments s;(0) for [ = & only, whereas the
probability p,(7) depends on all initial probabilities.
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For £ = 0 we have
$o(7) = 56(0) = > pu(7) =Tr p(7) = 1. (4.7)
n=0

The significance of the higher factorial moments lies in
the fact that these are averages over the probability dis-
tribution and therefore relate to observable quantities.
For £ = 1 we obtain the average number of photons in
the cavity at time 7. We find that

(1) = s1(1) = u + s1(0)exp(—7)
= neq + [72(0) — neqlexp(—7), (4.8)
showing that 7(«) = n.q, as it should. The variance in

the photon distribution is related to the second factorial
moment according to

Var(r) = D [n = A1) Ppa(r) = s2(7) + s1(7) — s1(7)?,

n=0
(4.9)
and with Eq. (4.6) this becomes
Var(r) = u(u + 1) + 2u + 1)7(0)exp(—7)

+ [ Var(0) — 72(0)]exp(—27) (4.10)
in terms of the parameter u. In the steady state we have
U = Neq, and therefore Var(») = n.q(n.q + 1), as expected
for a thermal distribution. The factorial moments for
k=0, 1, 2 can also be derived directly from Eq. (1.8). If
we multiply Eq. (1.8) by 1, n, and n(n — 1), and then sum
over n, we obtain the relations

P

3 2P0 =0, (4.11)
n=0

3—’7‘ =g — T, (4.12)

% = 28y + dnem, (4.13)

with the solutions given above. This procedure becomes
increasingly more complicated for the higher factorial mo-
ments.

5. SPECIAL CASES

A. Zero Temperature
In the limit of zero temperature we have neg = 0, u =
0, and v = —exp(—7). The factorial moments simplify

£028:29
sp(7) = exp(—k7)sz(0), (5.1)
and the quantities X, ,,(7) become

0 m<n

Xom(7) = <m>exp(—nr)[1 — exp(—71)]" " m=n’
| n

(5.2)
as follows from Eq. (3.7). This gives for the probabilities

pa(r) = Z (’:)eXp(—nr)[l — exp(—7)]" " pn(0).

(5.3)

This solution has been known for a long time®® and has
been derived in many different ways. It is a Bernoulli
distribution over the initial distribution; exp(—7) is the
probability that a photon is still in the cavity at time 7
when it was in the cavity at time 7 = 0.
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B. Steady State
For 7 — « we have from Eq. (3.4)

pn,n+l(oo) = 5l,opn(°°), (54)

e.g., the coherences die out. For 7 — o we have u = v =
Neq, and with Eq. (3.7) this gives

_ (m+n— j! j
Xn,m(T) - (1 + neq)n+1 g_ (n _ ])' y(m — ])'( 1)
(5.5)
The summation over j can be performed:
(m+n—j
1)/ =1, 5.6
Y = = Y 6.6

which becomes independent of m. We can prove
relation (5.6) by multiplying both sides by z" and sum-
ming over n. Both sides then yield the same sum, which
proves Eq. (5.6). With Eq. (3.6) we obtain

n
Neqg

(1 + neg)n*t , 6.0

DPr(®) =

the thermal distribution.
moments are

The corresponding factorial

sp() = k!neqk, (5.8)
as follows from Eq. (4.6) (only the [ = 0 term survives).

C. Thermal State

If the initial state is a thermal state with n, photons,
then the initial distribution is given by Eq. (5.7) with
neq replaced by n,. This corresponds, for instance, to a
sudden change in temperature of the cavity. The initial
factorial moments are s;(0) = lln,’. When we substitute
this into Eq. (4.6) the summation can be performed, with
the result that

si(1) = k!n(7)", (5.9)

where 71(7) = neq + (no — Neg)exp(—7). This shows that
the distribution is a thermal distribution at all times.
The probabilities are given by Eq. (5.7) with n., replaced
by 7(7).

D. Coherent State
Let the initial state be a coherent state, e.g., p(0) = |a)Xa/,
with a complex. The initial matrix elements are then

lal?*(a®)!

ik + e P lal). (5.10)

Pri1(0) =

Substitution into the general solution [Eq. (3.4)] leads to
a series of the type

(kE+1+n—m)
Z B+ DIk — m)!

2h=(n — m)lzme* LM (-2),
(5.11)

with L®™(x) a generalized Laguerre polynomial. The
summation over m in Eq. (3.4) then has the form
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L (—y) = LY (x — y). (5.12)
We can prove Egs. (5.11) and (5.12) by showing that both
sides have the same generating function. Combining
everything then yields for the matrix elements of the den-
sity operator

prusi(r) = exp[—% +Q - l/z)lf}
1/2
n! u"(a™) 0] 2 €Xp(—17)
X [(n T 1)1} T+ b7l Ty

(5.13)

When we set [ = 0, these are probabilities p,(7), and we
recognize this as a noncentral negative binomial distribu-
tion. Such states were introduced in quantum optics as
a superposition of a coherent state and a thermal state,
and they form an interpolation between these two states.
The numbers of coherent and thermal photons are

Ny = U = Neg[1 — exp(—7)],
(5.14)

= |a|? exp(—7),

respectively. The properties of these states have been
studied extensively.31-3¢ Such states are also the output
of a linear amplifier with a coherent input,?”3® which pro-
vides a different way of generating these states. The ini-
tial factorial moments are s;(0) = |«|?, and with Eq. (4.6)
they give

2
sp(r) = k!ukLki— la| } : (5.15)

neq[exp(T) - 1]

6. CORRELATION FUNCTION

The spectral distribution of the radiation in the cavity is
determined by the correlation function {(at(¢;)a(ts)), with
to = t; = 0. In the Schriodinger picture this is

—iLo)(ts — t)]p(t1)a’]
(6.1)

(a®(t1)al(ts)) = Tr a exp[—i(L,

in terms of the evolution operator for the density matrix,
as shown in Eq. (1.5). Taking the trace gives

(a'(t)altz)) = > Vn + 1(n + LHexp[—i(L, — iL.)(tz — t1)]
n=0

X [p(t1)a Bn). 6.2)

The (n + 1, n) matrix element is given by the com-
plex conjugate of Eq. (3.4), with [ = 1. The initial
values now become p;.1:(0) — (& + 1[p(t)atllk) =
vk + lp(tl)k+1,k+1, and this gives

(a'(t1altz)) = exp[—(iQ + Y2)7]

% k
u" 1+v
X
Z Z P(t1)k+1,k+1(1 " u)”+2<1 " u)

n=0 k=0
k+n+1-m! [ v@+w]"
X2 G i m)!|:_ u(l + u)}
6.3)




Henk F. Arnoldus

with 7 = K(¢2 — t1). First we perform the summation
over n, and then the summation over m. Then Eq. (6.3)
simplifies to

(al(t)alty)) = exp[—(iQ + Y2)71 > (k + Dp(t)rr1p+15
k=0

(6.4)
and this is
(al(t1)alty)) = exp[—(iw, + V2K)(t; — t1)]A(t1), (6.5)

with the average number of photons given by Eq. (4.8)
with 7 — K¢;. It appears that the temperature depen-
dence of the correlation function enters only through 7(¢,).
The regression ¢; — ¢5 is temperature independent. Also,
the only dependence on the initial density operator is
through 7(¢1), which is determined by 72(0) only.

7. SPECTRUM

The spectral distribution of the radiation in the cavity is
essentially time dependent, because the density operator
evolves in time. Suppose that the radiation is prepared
in a state p(0) at time ¢ = 0 and that we start the fre-
quency measurement at time ¢ = 0. The electric field in
the cavity is measured with a frequency filter with setting
frequency w. The time-dependent spectrum is then the
photon-counting rate by a detector, after filtering. This
is the physical spectrum of light,?® and we shall indi-
cate this spectrum by I(w, ). It can be shown*’ that the
physical spectrum can be expressed in terms of a quasi-
spectrum J(w, t) according to

t ®
I(w,t) = f dt’f do's(o’, tJ(w — o', t — ), (7.1)
0 oo

where the smoothing function s(w, ¢) depends only on the
detector properties. The quasi-spectrum was introduced
by Page*! and by Lampard*? and is given by

J(w, t) = £ Re ftdt’ expliow(t — thKat(ta®)). (7.2)
T 0

Here it is assumed that the positive frequency part of
the electric field (in the Heisenberg picture) is propor-
tional to the annihilation operator a(¢) and that overall
constants are collected in the parameter {. If the corre-
lation function is stationary, then J(w, ¢) reduces to the
Wiener—Khintchine spectrum for ¢ — . When we take
for the frequency filter an exponentially decaying func-
tion, then s(w, ¢) becomes

(@, 8) = —2 exp(—2y2) (7.3)
s(w, —72+w2exp vt). .

This shows that the frequency resolution of the filter is v,
whereas the time resolution in the detection of the arrival
of a photon is 1/y.

The correlation function in Eq. (7.2) was evaluated in
Section 5, and the integral over ¢’ is easily calculated.
We obtain
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exp[(i(w — w,) — eK)t] -1
(o — w.) — Y2K

T, )= < ne Re

+ £1000) - nelexp(—K)

expl(i(w — ) =~ YaK)t] = 1

% Re i(w — we) + 2K

(7.4)
Then we introduce the dimensionless variables

7= Kt, A= (v — w.)/K, N = ne/n(0), (7.5)

work out the real parts, and suppress a factor of
{n(0)/wK. This yields for the quasi-spectrum

J, )= 1 {exp(—1/a7)

_2
+ 412

X [eos(AT) + 2A sin(AT) — exp(—1/27)]

+ N[1 + exp(—7) — 2 cos(A7)exp(—27)]}.

(7.6)
The first part is independent of the temperature, and it

vanishes in the long-time limit. The second part, propor-
tional to n.q, survives, and in the steady state it becomes

2N
1+ 442

J(A, ©) (7.7)

16
1.2
0.8

0.4

04 -

Fig. 1. Plot of the quasi-spectrum J(A, 7) as a function of A
for N = 1. Curves a and b correspond to 7 = 1 and 7 = 2,
respectively. The quasi-spectrum narrows with increasing =
and eventually approaches a Lorentzian with a HWHM of 1/2.
Notice that the quasi-spectrum can become negative, indicating
that it is not the observable spectral distribution of the radiation.

0.6

0.2

0.2 -

Fig. 2. Temperature dependence of the quasi-spectrum.
Curve a represents zero temperature for the steady state (N =
0), so the cavity is cooling off. For curve b we took N = 2, giving
neq = 27(0), and therefore this spectrum represents radiation
that is warming up. The evolution time was taken as 7 = 1.
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a Lorentzian with a half-width at half-maximum
(HWHM) equal to 1/2 (and this is K/2 as a function of
). The quasi-spectrum is symmetric around A = 0.
Figure 1 illustrates the behavior of J(A, 7) for two values
of 7, and Fig. 2 shows the effect of a finite temperature.

1.2

0.8

0.4

Fig. 3. Graphs of the physical spectrum (A, 7) as a function of
Afor § =0.1 and N = 1 [constant temperature between time zero
and time 7, because 72(7) = neq according to Eq. (4.8)]. Curves
a and b represent 7 = 1 and 7 = 2, respectively, and it is seen
that the spectrum narrows with increasing time. The physical
spectrum is positive by construction.

Fig. 4. Illustration of the temperature dependence of I(A, 7).
For curves a and b we have N = 0 and N = 2, respectively, and
we took 7 =7y = 1.

0 2 4 6 8 A 10
Fig. 5. Physical spectrum for 7 = 20 and N = 1. For curves a
and b we have 7 = 0.4 and y = 4, respectively. The spectrum
broadens significantly for increasing 7, and for y >> 1 the width
is dominated by the resolution of the detector. Curve b has been
multiplied by a factor of 50, so both curves have the same value
at A = 0.
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The physical spectrum then follows from Eq. (7.1).
The o' integrals can be carried out by contour integra-
tion. We obtain

1 1 — exp(—2yt)
oK +y — i(w — o) 2y

~ explli(w — w,) — y — YaK)t] ~ exp(~2y0)
v — 1K + i(w0 — w,)

Iw,t)= Zg“yz(neq Re

1
oK — vy + i(0 — o)
w:) — v — "2K)t] — exp(—2yt)
v — YK + (0 — o)

_ exp(—Kt) — exp(—2yt) )
2y — K

+ [ﬁ(o) - neq]Re

y {exp[(i(w -

(7.8)

Changing again to dimensionless parameters, introducing
7 = y/K, working out the real part, and suppressing a
factor of 2{y?n(0)/K? then give for the physical spectrum

1 — exp(—297) v+ Y2
2y (9 + Y2)? + A2
_ N
[(5 + Y2)2 + A%][(y — Y2)? + A%]
X (§2 — Ya + A%){cos(A7)exp[—(§ + Yo)7]
— exp(—297)} + A sin(A7)exp[— (7 + Y2)7])
%{exp(—2?r) + exp(—71)

(v -
— 2 cos(AT)exp[—(y + Y2)r]}. (7.9)

I(A\,7)=N

+ 12

This spectrum is also symmetric around A = 0, and its
steady-state value is

P+ N
I =) = G v 2

(7.10)

a Lorentzian with HWHM = § + /2 around A = 0 or
v + 12K around o = w.. Because of the finite observa-
tion time 7 and the time evolution of the system, the spec-
trum deviates considerably from a Lorentzian for 7 < o,
Typical behavior of I(A, 7) is shown in Fig. 3 for two val-
ues of 7, and Fig. 4 illustrates the dependence on the
temperature. The frequency resolution 7 also affects the
physical spectrum, as shown in Fig. 5. The spectrum
broadens considerably with increasing 7, as could be ex-
pected, and the peak value diminishes because the avail-
able energy is distributed over a larger frequency range.

8. CONCLUSIONS

The equation of motion for the density matrix of radia-
tion in a single-mode cavity at finite temperature has been
solved for its matrix elements, with Eq. (3.4) as the result.
The populations at time 7 (or ¢) are linear combinations
of the populations at time zero, and this relation could be
expressed in terms of hypergeometric functions, as shown
in Eq. (3.10). A particular simple relation exists between
the factorial moments at time 7 and at time zero, as given
by Eq. (4.6). In Section 5 it was shown that our solu-
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tion reduces to known results in limiting cases. From
the time evolution operator for the density operator we
can obtain the time regression of correlation functions of
field operators. In Section 6 the two-time field correla-
tion was calculated, and this was subsequently used to
evaluate the quasi-spectrum and the physical spectrum
of the radiation in the cavity. It appears that both spec-
tra depend strongly on the observation time, the spectral
resolution of the detector, the cavity damping rate, and
the temperature difference between time 7 and time zero.
Only in the long-time limit (thermal equilibrium) and for
perfect frequency resolution by the detector do these spec-
tra become Lorentzians with a HWHM equal to the cavity
damping rate K/2.

APPENDIX A

To solve Eq. (2.4) we adopt a Laplace transform in 7.
With

g(x, s)= f d7 exp(—s7)g(x, 7) (A1)
0
Eq. (2.4) becomes
{s+negl—xl+D}g+x—1)
X [1 + neg(1 — x)]g—i — 2(x,0), (A2)

where g(x, 0) is assumed to be known. The generat-
ing function is defined as a Taylor series around x = 0.
Equation (A2) is a linear first-order equation in x, and the
general solution therefore contains one integration con-
stant. For x = 0 we have g(0, 7) = yo(7), according to
Eq. (2.3), and this is an unknown quantity. However, if
we set x = 1 in Eq. (2.4) we get

%8 _ Neglg, (A3)
-
with the solution

g(1, 7) = exp(neql7)g(1, 0) (A4)

and the Laplace transform
3(1, 5) = ——— g(1,0) (45)
g » S s — neql g ’ .

This gives us the integration constant for Eq. (A2).
The solution of Eq. (A2) is then

[1 + neq(]- _ x)]s—l—l(neq+1)
(.’XI _ l)s—lneq

x (f _ l)s—l—lneq
8 fl YT el — o 08 0)- (A6

g(x, s) =

That this solution reduces to Eq. (A5) in the limit x — 1
follows from a Taylor expansion of the integrand around
¢ = 1 and a term-by-term integration.

We can find the Laplace inverse of Eq. (A6) by making
a change of integration variable ¢ — 7 according to
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1+ Neq(1 — x) 1-¢
1« 1+ neg(1— &)

exp(—7) = (A7)

This yields the representation

1+ neq(]- _ f) :| 1+1(neq+1)

g(x, s)= fo dr exp(—sr){ 15 neg(1 — )

Ineq
1—x
X .
(1 = 5) g, 0) (A8)
But this identical in form to Eq. (Al), and therefore the
inverse is
l(neq+1) Ine
14 ng@ =& 1 -\
g(xa T)_|:1+neq(1_x) 1_§ g(f, 0)

(A9)

The function £(x, 7) follows from inversion of Eq. (A7),

and this is

+ (x - 1)[(neq + 1)9XP(_T) - neq] .
1+ neq(1 — x)[1 — exp(—7)]

(x, 1) = ! (A10)

When we eliminate ¢ in favor of 7 in Eq. (A9) we obtain

2, 7) — exp(neqlT)

Rt Neq(1 — x)[1 — exp(—7)]}+1 8(£,0),

(A11)

which is Eq. (2.5).
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